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1. Introduction 

' The use of certain 'critical-exponent' Sobolev norms is an important feature of meth- 

D . ods employed by Taubes to solve the anti-self-dual and related non-linear elliptic partial 



differential equations [p9| , |50| , [5l|] . Indeed, the estimates one can obtain using these critical- 
■ exponent norms appear to be the best possible when one needs to bound the norm of a 

, Green's operator for a Laplacian, depending on a connection varying in a non-compact fam- 

^ I ily, in terms of minimal data such as the first positive eigenvalue of the Laplacian or the 

Tlj" ■ norm of the curvature of the connection. Despite their utility, particularly in applications 

I where an optimal analysis is required for gluing or degeneration problems (for example, 

when considering degenerating families of anti-self-dual connections or stable, holomorphic 



vector bundles — see Section |1.4| below), these methods are not widely known. Following 
!>■ ; Taubes ||, H, |l| we describe a collection of critical-exponent Sobolev norms and gen- 



|-> " ■ ■ ' ■ ■ ' ■ ■! ± 

- • eral Green's operator estimates depending only on first positive eigenvalues or the norm 



of the connection's curvature. These estimates are especially useful both for the construc- 
tion of gluing maps, in the case of either anti-self-dual connections or, more recently. 



in the case of PU(2) monopoles []l9| , pO| ], and for analyzing their asymptotic behavior with 
' respect to Uhlenbeck limits of the underlying gluing data. We apply them here to prove 

an optimal slice theorem for the quotient space of connections. The result is 'optimal' in 
^ , the sense that if a point [A] in the quotient space is known to be just L^-close enough 

^1 to a reference point [Aq] (see below for the precise statement), then A can be placed in 

Coulomb gauge relative to with all constants depending at most on the first positive 
eigenvalue of the covariant Laplacian defined by Aq and the norm of the curvature of Aq. 
Such slice theorems are particularly advantageous when analyzing gluing maps and their 
differentials in situations (such as those of |2^, ^] and [|l9| ) where the underlying gluing 
data is allowed to 'bubble'. In this paper we shall for simplicity only consider connections 
over four-dimensional manifolds, but the methods and results can adapted to the case of 
manifolds of arbitrary dimension, as in |54], to prove slice theorems applicable to cases 



where the reference connection is allowed to degenerate. 

1.1. Critical-exponent Sobolev norms and the slice theorem. Suppose that X is 
a closed, Riemannian four-manifold, that G is a compact Lie group, and that = 
A^^/G'^^'^ is the quotient space of connections on a G bundle E modulo the Ba- 
nach Lie group of L^^-^ gauge transformations. Here, the integer k > 1 and the Sobolev 
exponent 1 < p < oo obey the constraint {k + l)p > 4, so L^_^-^^{X) C C^{X) and gauge 
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transformations in Q^^'^ are continuous. When (k + l)p = 4 we have the 'borderhne', 
'critical', or 'limiting case' of the Sobolev embedding theorem: L^_|^^(X) C L'^{X) for all 
q < oo but not q = oo. 

A connection A G is in Coulomb gauge relative to a reference connection Ao if 

d*j^^{A — Aq) =0 and it is a standard result that Saq = + Kerd^^ C provides a 
slice for the action of the gauge group §, m, m, |8|, m, H, H, m. More exactly, if 



B^'^(e) is the L| ball in S^ig with center Aq and ^^^-radius e and Stab^o C Q^j^^'^ is the 
stabilizer of Aq, then the projection vr : B^'^(e)/ Stab^ig ^ is a homeomorphism onto 
its image and thus contains a small enough ball 

= {[^] e S| : distz.^^^^^([^], [^o]) < 
where the gauge-invariant distance function on the quotient is defined by 
disti? ^ i\A], [Ao]) = inf \\u{A) - AoW^v . 

One unsatisfactory aspect of the standard slice theorem concerns the dependence of the 
constants e{[AQ], k,p) and r]{[AQ], k,p) above on the orbit [^o] — in particular on the cur- 
vature — when k and p are large enough that gauge transformations in q'^^'^ are 
continuous. Even in the minimal cases, k = 1 and p > 2 or k = 2 and p = 2, the constants 
e, r] depend unfavorably on [^o] when the curvature Faq 'bubbles' and [Aq] approaches an 
ideal point in the Uhlenbeck compactification Me of the moduli space Me of anti-self-dual 
connections (that is, a point in Me\Me)- This makes it difficult to analyze the asymptotic 
behavior of Taubes' gluing maps p5| p7| , |4g| , ^ and their differentials on neighborhoods of 
ideal points in Me, since the balls B^'^(e) and i?j^^j(r/) tend to shrink as [^o] approaches 

a point in Me \ Me- For example, if the connection Aq is anti-self-dual, then its energy is 
bounded by a constant depending only on the topology of E via the Chern-Weil identity 



1 

1^ 



X 



tr(F4o AF4J =Pi{9e), 



whereas ||i^Ao lU'' (with p > 2) or II-F4Q ||^2 tends to infinity as the curvature of Aq becomes 



concentrated and [Aq] approaches the Uhlenbeck boundary. 

Our main purpose in this article is to prove a global analogue, Theorem 1.1, of Uhlenbeck's 
local Coulomb gauge-fixing theorem |54, Theorems 1.3 & 2.1] and a corresponding slice 
theorem. Theorem where the radii of the coordinate balls on the quotient depend 



only on ||FAo||i2 and the least positive eigenvalue vo[Aq] of the Laplacian d\ dA^ on ^}^{qe)- 



The key difficulty in establishing Theorem 1.1 is to ensure that the constants depend at 



most on ||F^p||2,2 and fo[^o]: To guarantee this minimal dependence, we employ critical- 
exponent Sobolev norms (defined below) to circumvent the fact that when {k + l)p = 4 the 
standard Sobolev embedding and multiplication theorems fall just short of what one needs 
to give the quotient B'^^ = A^^^ /G'^^'^ a manifold structure (see Section Such norms 
were introduced by Taubes for related purposes in p9[. 



1.2. Statement of results. For clarity, we now fixp = 2 and k >2 and define the following 
distance functions on the quotient space B'^ = A^/Q^^ of L| connections modulo L^^^ 
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gauge transformations, 

dist M {[A], [Ao]) = inf (||n(^) - AqU^^m + \\dXiu{A) - Ao)IIlm) , 



E 



dist^M {[A], [Ao]) = inf (\\u(A) - Ao\\l2 ^ + \\dX{uiA) - Ao)||l«,2) 



where the Sobolev norms are defined by: 



|a|lLtt{A:) = sup lldist '^{x,-)\a\\\LHx), 



ll«llL2tt(X) = sup II dist~-^(x, OIoIIIj 

x&X 

W\\mA(X) = lk||L4(X) + l|a|lL2t!(X) 



I"IIl2 . (x) - ( I|a|li2(x) + \W Aoa\\\-i{x) 



1/2 



for any a G Q}{qe)'i here, dist(x,?/) denotes the geodesic distance between points x,y G X. 
Like the L norm, the m norm on one- forms is scale-invariant. Om' first result is the 
following global analogue of Uhlenbeck's theorem and complements results of Taubes in 
H, §6]: 

Theorem 1.1. Let X he a closed, smooth four-manifold with metric g and let G he a 
compact Lie group. Then there are positive constants c, z with the following significance. 
Let E he a G hundle over X and suppose that k > 2 is an integer. Given a point [Aq] in B^, 
let z^ol^o] be the least positive eigenvalue of the Laplacian d\^dAQ on ^^{qe) cL^d set Kq = 

(l-|-i'o[^o]^^)(l+||-^Ao IIl2). Let El he a constant satisfying < ei < zii'Q'^(l-l-z^o[^o]^"'^^^)^"'^- 
Then the following hold: 

1. For any [A] € B'^ with dist^tt,2 {[A], [Aq]) < ei, there is a gauge transformation u G 

, unique up to an element of the stabilizer StabAo C Ge~^^' ■'^c/i that 

(a) dX{uiA)-Ao) = 0, 

(b) \\u{A) - Ao||i2B,4 < cKodist 8,2 {[A], [Aq]). 

2. For any [A] € B'^ with dist^tt,2 {[A], [Aq]) < ei, there is a gauge transformation u G 

1,^0 

, unique up to an element of the stabilizer StabAo C , such that 

(a) dXiuiA)-AQ) = 0, 

(b) ||n(^) - Aq\\l2«a < cKodist^M^ {[A], [Aq]), 

(c) ||n(^) - ^oIIl? < cKq dist {[A], [Aq]). 

Theorem is especially well-adapted to establishing the existence of transformations 
to Coulomb gauge when the point [A] £ B^ has the form ^ = + d~^'*v, with approx- 
imately anti-self-dual (so F^^ is small) and v € L^^-^(A+ (g) qe), since d^^d'^'^ = {F^^)*v. 
Points of this form in the moduli space of anti-self-dual connections, Me, are constructed 
by Taubes' gluing maps |^, |50t| . 

The distance function dist,tt,2 {[A], [Aq]) is bounded by scale invariant norms, 



1,A 







a||L4(x,g) + ||V^a||i2(x,g) + sup \\distg'^{x,-)\d*/^a\\\Li(x,g), a G n^{QE) 



xex 
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since the L^/^ norm on <^^(T*X) is conformally invariant, while the third term is invariant 
under constant rescalings g ^ g = X~^g of the metric, as ct^^^a = X'^ctj^a, dist^^(x,y) = 
dist~^(x, y) and dVg = X^'^dVg. Similarly for dist^tt,2 {[A], [Aq]). 

In Theorem 2.1 of |54] the norm of the curvature Fj^ of a local connection matrix 
A over the unit ball in provides a natural (gauge-invariant) measure of the distance 
from [A] to [F], where T is the product connection. Uhlenbeck's theorem guarantees the 
existence of an L^^-^ gauge transformation u taking an connection A on the product 
bundle over the unit four-ball, with product connection F, to a connection u{A) satisfying 
d^{u{A) — r) = and ||n(A) — r||^2 < c||F4||j;^2; one only requires that ||F4||2,2 be smaller 
than a universal constant. 

We next have the following refinement of the standard slice theorem for the quotient 
space Bg. The observation that an L^-ball in Kerd^^ provides a slice for Q'^^ was pointed 
out to us Mrowka; that slightly smaller L^^'^ and Lf balls provide slices follows from the 
second of our two proofs of Theorem 1.1 in Section |^. For any e > 0, define 

Bl^;^^{e) = {[A] e B'e ■■ dist^M^([A], [Ao]) < e} C 

Blx]^{e) = {[A] e ^1 : dist^M [Ao]) < e} C B%, 

B^^(e) = {AeA%: dX{A - Aq) = and \\A - AqW^^^^x) < e} C Saq, 

where Saq = {^o} + Ker((i^jJ^2) C A% is the slice through Aq. 

Theorem 1.2. Let X he a closed, smooth four-manifold with metric g and let G he a 
compact Lie group. Then there are positive constants ci,C2,z with the following significance. 
Let E he a G hundle over X, let k > 2 he an integer, and suppose that [Aq] G B'^. Then 
the following hold: 

1. For any constant Eq satisfying < Eq < z{l + uo[Aq]~^/'^)^^ , the projection vr : 
B^^(eo)/ Stab^o B^ given by A [A] is a homeomorphism onto an open neighbor- 
hood of [Aq] G B^ and a diffeomorphism on the open subset where Stab^iy / Center(G) 
acts freely; 

2. For any constant ei satisfying < ei < zKq'^{1 + fo[Ao]^"'^/^)^"'^ we have the following 
inclusions of open neighborhoods in B^ : 

sf^f'j'Cei) C i^fXf (ci^i) C 7r(Bi„(c2Koei)). 

Let A*^ C be the subspace of connections A with minimal stabilizer Stab^ = 
Center (G) and let B*^^ = A*^ /Q^'^. It is well-known that the quotient space B^ is 
Hausdorff, that the subspace B*^^ C B^ is an open, C°° Banach manifold, and that the 
projection vr : B*^^ is a C°° principal G'^^ / Center(G) bundle. See Proposition 3^ 

for detailed statements. 

That sharper versions of the standard slice theorem (as in 1 14 , ^ , for example) would 
hold is suggested by related results of Taubes, namely [|^, Lemma A.l] and Lemma 6.5]: 
for example, they show that if u is an L| gauge transformation intertwining Lf connections 
Ai, i = 1,2, obeying a slice condition d\^{Ai — Aq) = defined by an L\ connection Aq, 
then u is necessarily in C^. Moreover, transition functions relating neighborhoods of the 
origin in Ker(d^^|^2) and Ker((i^^j^^|^2), where o is L|^^-small, are constructed in |^, 
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Lemma 6.5]; the constants depend only on ||F4(,||2,2 and z^o[^o]- (See ||4^, §6] for detailed 
statements and related results.) The proof of Theorem |1.1| makes use of methods developed 
in 11,11, H. 



1.3. Outline of the proofs. Assertion (1) of Theorem |1.2| is proved in Section ^. The proof 
that the projection map vr : B^^(eo) is a local diffeomorphism away from connections 

with non-minimal stabilizer essentially follows Uhlenbeck's verification of 'openness' in her 



proof of Theorem 2.1 in |]5J] via the method of continuity (see Lemma 3^). The proof 
that the ball B^^(eo) injects into the quotient (see Lemma |3.7D was suggested to us by 



Mrowka. The remainder of our article is taken up with the proof of Theorem 1.1 and hence 



Assertion (2) of Theorem 1.2 



In Section H we introduce the family of critical-exponent Sobolev norms, iJj^ ^ , k — 
0, 1, 2, used to complete the proof of Theorem LI and in Section ^ we describe the crucial 



embedding theorems enjoyed by those Sobolev spaces, as well as estimates for the Green's 
operator of the Laplacian d^^d-Ao- In particular, C L^k\g, for every p > 2 while, in the 

other direction, -^^2 Ao "^^^ latter embedding is the key motivation for the definition 

of these norms and it greatly facilitates the derivation of Green's operator estimates, in 
a wide number of applications in gauge theory 50 1, with minimal dependence on the 
curvature of the connection Aq. The main ideas and embedding results in Sections ^ and 
^ are due to Taubes [48, 50, so these sections are essentially expository. An earlier 
exposition from a somewhat different perspective, due to Donaldson, of Taubes' methods 
and some applications appears in [12|. The estimates of Section || are stated only in the 



four-dimensional case. While we might expect all of them to hold, in some form, for higher 
dimensions we confine our attention to dimension four as our intended applications are 
primarily concerned with smooth four-manifold topology. In essence, the critical-exponent 
norms make a virtue out of necessity of the familiar fact that while the Green's operator 
of the Laplacian d*d on C~(X) maps LP{X) into L'^p/^'^-p\X) for 1 < p < 2, it does not 
map L'^{X) into L°°{X) jij. Chapter V]. We recall that an Orlicz space can be used to 
provide the 'best target space' for an embedding of L2{X) |l|. Chapter 8]. Here, we may 
instead view L2 (X) as providing the 'best domain space' for an embedding into L°°{X), 
since L^(X) C L^/{X) C L°°(X) for all p > 2. 



We give two proofs of Theorem LI . For our first proof, in Section y, we essentially follow 
the strategy of Uhlenbeck 1 54 1 and apply the method of continuity. The difficult step here 
(in establishing 'openness' — see Section |6.3| ) is to prove that the intrinsic, gauge-invariant 
^i^g and distances in the quotient bound the L^^^'^ and norms in the slice 

Sao C A^: this is the point in our first proof where we use the critical-exponent estimates 
derived in Section ^ to control gauge transformations. The proof of 'closedness' uses a 
compactness argument and is given in Section |6.2| . 

Our second proof of Theorem IlI] occupies Sections and §. In Section ItI we show that 
the exponential map Exp : Q^{gE) —>■ Ge extends to a continuous map Exp : {qe) — > 
-^2^(S£;) and that the resulting space of L2^-gauge transformations ^^'"'^ is a Banach Lie 
group. In particular, ^-gauge transformations are continuous and are contained in Q"^^ for 
every p > 2. The Sobolev multiplication and composition results for the critical-exponent 
norms then allow us to apply the inverse function theorem directly in Section ^ while 
still ensuring that all constants depend at most on fo[^o] and ||F4g||2,2. We ffi'st use the 



compactness result of Section |6.1| to establish the existence of gauge transformations w in 
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Ge which minimize the ^i^^ and i^J''^ distances in the quotient B'^. Then, assuming 
the norm ||t«(j4) — j4o||j;^2tt,4 or 111^(^4) — 1 1^2 is sufficiently smah, we use the Sobolev 

embedding and multiphcation theorems of Sections ||, and and a quantitative version 
of the inverse function theorem to prove the existence of a gauge transformation v G Q"^ 
such that d\^{u{A) - Aq) = 0, u = vw e G'^^, and \\u{A) - ^o||l2«>4 and \\u{A) - Ao\\^2 ^ 
are controhed by dist^tt.2 ([A], [Aq]) and dist,tt.2 ([A], [Aq]), respectively. 

1.4. Applications and extensions. Applications of the methods and results of the present 
article occur in situations where connections, metrics, or holomorphic structures are allowed 
to degenerate and uniform estimates are required for elliptic operators whose coefficients 
depend on these degenerating geometric structures. 

1.4.1. Degeneration of anti-self-dual connections. While the standard slice theorem is ade- 
quate for many applications in smooth four-manifold topology |l^, 22, one finds that it 



is rather less adequate for constructing gluing maps and analyzing their asymptotic behav- 
ior in sufficient generality to be useful in approaches to the Kotschick-Morgan conjecture 
|pl| , That conjecture asserts that the Donaldson invariants of a four-manifold with 
b'^{X) = 1, computed using metrics lying in different chambers of the positive cone of 
//^(A; M)/M*, differ by terms depending only the homotopy type of X [25, 2f:]. 

Taubes' gluing maps can be used to construct links of arbitrary lower-level reducibles 
in \ M^, where E is now a U(2) bundle and is the moduli space of anti-self-dual 
connections on su(£') , with W2{su{E)) = ci{E) (mod 2) and k = —\pi{su{E)). Any obvious 
approach to the conjecture places considerable demands on gluing theory since one must, 
at least in principle, be able to describe links of all ideal reducibles and not just isolated 
special cases. 

For a lower-level reducible [Ai,x] E M^_^ x Sym^(A), the Laplacian d\^dAi has a kernel 
of dimension equal to that of Stab^i , so the Laplacian d*j^dA of connection A necessarily has 
dimStabyij 'small eigenvalues' tending to zero as [A] approaches [Ai,x] and the remaining 
eigenvalues of d^d^ are bounded below by one-half the least positive eigenvalue of d^^d^i- 
A similar phenomenon arises in ||47| , ^ with the Laplacian d'^d^'* on ^1~^{qe) when the 
'background' connection Ai has Kei:d\_^d\'* / 0: the small eigenvalues of d^d\'* represent 
an obstruction to perturbing approximately anti-self-dual to anti-self-dual connections near 



[^i,x]. For such neighborhoods in M^, Theorems 1.1 and |1.2| are easily modified by 
replacing ;/o[^o] with a suitable small eigenvalue cutoff, by analogy with and 
proceeding along the lines of §6, Part 3]. (Without such modifications, the coordinate 
balls of Theorem shrink if [Aq] E approaches a reducible point in \ .) 
To illustrate applications of the methods of Sections Q and |5| and to point to possible 
generalizations of the estimates in present article, we derive some elliptic estimates for 



+ (i*A ill Section 5.2 



1.4.2. Degeneration of PU(2) monopoles. We recall that Viktor Pidstrigach and Andrei 



Tyurin proposed a method [41, |4^ to prove Witten's conjecture concerning the relation 



between the Donaldson and Seiberg-Witten invariants of smooth four- manifolds |13, 55 [. 
Their proposal uses a moduli space of solutions to the PU(2) monopole equations, which 
are a natural generalization of the U(l) monopole equations of Seiberg and Witten and the 
anti-self-dual equation for SO (3) connections, to construct a cobordism between links of 
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compact moduli spaces of U(l) monopoles of Seiberg-Witten type and the moduli space of 
anti-self-dual connections, which appear as singularities in this larger moduli space. 

The problems one encounters in attempting to implement this program have much in 
common with those encountered in previous attempts to prove the Kotschick-Morgan con- 
jecture [0, 0, [l|]. For the purposes of proving the general gluing theorem for PU(2) 
monopoles (which one needs to describe the above-mentioned links) we require, among 
other things, a useful criterion to detect when a monopole near an ideal point in the Uhlen- 
beck compactification of the moduli space of PU(2) monopoles lies in the image of a gluing 
map. An L| (with k > 2) or even an (with p > 2) measure of closeness to the image 

of the approximate gluing map is not useful for this purpose as the radius of such balls tend 
to shrink as the curvature of the connection bubbles, as in the case of anti-self-connections, 
and simpler implicit-function theorem arguments used to show that a point lies in the image 



of a gluing map would fail in general. In [^] we use analogues of Theorems 1.1 and |1.2| and 
their methods of proof to facilitate arguments that the PU(2) monopole gluing maps are 
'surjective' (in the above sense) and are diffeomorphisms onto their images. The surjectivity 
property of Taubes' gluing maps for anti-self-dual connections is a special case of a more 
general gluing result for critical points of the Yang-Mills functional p9| . Proposition 8.2]. 
The gluing maps for anti-self-dual connections constructed by Donaldson and employed in 
1^, |l^, |ll], [l^, |15| are shown to be surjective in |l^, [l5[ |. 



1.4.3. Degeneration of stable, holomorphic vector bundles. Via work of Donaldson [0, |8| one 
may view the degeneration of stable holomorphic vector bundles as a special case of the 
degeneration of anti-self-dual connections. Comparisons of these degenerations have been 
given by Li and Morgan in their work relating the the Gieseker and Uhlenbeck 
compactifications of the moduli space of anti-self-dual connections over a complex, Kahler 



surface. The notion of stability is broadened in |Q, 35, 53 1 by considering the vortex and 
nonabelian monopole equations over complex, Kahler manifolds. In particular, as explained 
to the author by Daskalopoulos [^j, there are potential applications for the types of esti- 
mates considered here when applying methods from gauge theory to study the degeneration 
of holomorphic vector bundles near the boundary of Teichmiiller space; see for a descrip- 
tion of the moduli space of stable, holomorphic vector bundles over Riemann surfaces. 
Such gauge-theoretic methods are in turn expected to have applications to three-manifold 
topology [§. 
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preparation of this article. 



2. Preliminaries 

We assume throughout this article that X is a closed, connected, smooth, four-manifold 
with Riemannian metric g. Let G be a compact Lie group with matrix representation 
p : G C SO(E) = SO(r) where E ~ R'' as a real inner product space, let P be a principal G 
bundle, and let E = P x pE, he the corresponding Riemannian vector bundle associated to 
P by the representation p. Let g^; C 9l{E) be the bundle of Lie algebras associated to P 
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via the adjoint representation Ad : G — > Aut(g) of G on its Lie algebra g and viewed as a 
subbundle of qI{E) via the induced representation : g C so(E). 

Given the covariant derivative Vyi : G°°{E) — > G°°{T*X ® E), we define the exterior 
covariant derivative (Ia '■ ^"^{E) — > Q!^~^^{E) in the usual way by setting dA = Vyi on = 
G'^{E) and extending cLa to Q}{E) = C°°(A* ® E), where A* := A*(r*X), according to the 
rule dA{uj Av) = dio Av + A dAV for lo G Q^{X) and f G 

For any integer k > 0, exponent 1 < p < oo, and connection on E we define the 
Sobolev completion, L^{A.^ ^ E), of Q^{E) with respect to the norm 

i/p 




We define the action of a C°° gauge transformation ti G on a C°° connection A on 
the bundle E by pushforward, so u{A) := A — {dAu)u~^. Fix a connection Aq G let 
^1 = ^0 + ^i(A^ 0b), and define 

:= G Ll^MiE)) -.uGG a.e.} C L'fe+i(0l(ii;)). 

The space is a Banach Lie group, with Lie algebra Ti^^G^^^ = LI._^_^{qe), and acts 

smoothly on A'^ with quotient := A^/G^^ endowed with the quotient L| topology. 

The stabilizer subgroup Stab^ C G'^^ for a connection A on E always contains the 
center Z{G) C G. We let A*£ C ^| denote the space of connections A G with minimal 
stabilizer Stab^ = Z{G) and let B*^'' = A*^ /G^^- As usual, the stabilizer subgroup 
Stab^ C Ge can be identified with a closed subgroup of G C Glj[E\xa) for any point 
xq G X by parallel translation with respect to the connection A. Let stab^ denote the Lie 
algebra of Stabyi, so stab^ = Ker{dyi : ^.^^-^{qe) -^K^^ ® 0s)}- 

Throughout the article, we use c or z to denote positive constants which depend at most 
on the Riemannian manifold (X, g) and the group G; constants may increase from one line 
to the next and are not renamed unless clarity demands otherwise. 

3. The slice theorem 

In this section we prove the first assertion of Theorem |1.2| — see Proposition |3.4| below 
— namely, that a small enough L^-ball B^y(eo)/ Staby^g provides a slice for the action of 

G^^ ■ The proof that the projection vr : B^^(eo)/ StabAo B^ is injective (Lemma 3.7 ) 
was suggested to us by Mrowka. 

Let /c > 2 be an integer. The Banach Lie group G^^ has Lie algebra T^^^G^^ = 
L\j^i{qe) and exponential map Exp : L'j.j^^{QE) — > G^^ given hy C, ^ u = Exp^. Recall 
that Stab^ = {7 G G^^ '■ jiA) = A} may be identified with a Lie subgroup of G and has 
Lie algebra 5tabyi = Ker{dA\Ll^^)- The operator d\ : L1_^2{^^^9e) — > -^fc_|_i(0_B) has closed 
range and we have an L^-orthogonal decomposition 

(3-1) TidEGE~^^ = Ll^iidE) 

= (Ker(dA|L2 ))^©Ker(dA|i2 ) 



k + 1 



Im(d^|^2 ) © Kei{dA\Ll^ ] 

fc+2 fc+1 

{Kei {dA\Ll_^^))^ ©stab^. 
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Let Stab]4 = L"^^^ n Stab]^ = Exp((Ker d^l^^i^^)-*-), the second equality following from 

the Sobolev composition lemma. The subspace Stab;4 C is closed and is a Banach 

submanifold of G'^^ with codimension dim stab a- From Claim 3^ below we see that Stab;4 
is a slice near id^; G G^^ for the right action of Stab^i on G'^^- 

The map cIa ■ L'^^^{9e) —>■ L1{A^ (^qe) has closed range and so we have an L^-orthogonal 
decomposition 

(3.2) TAA'k = Ll{A^ » qe) 

= lm{dA\LlJe^erid\\L2) 

= Im(dA|L2 )eKA, 

fc+1 

of the tangent space to the space of L| connections at the point A, where we set where 
K^ = Ker(d^|i.). 

The slice Sa C A'^ through a connection A is given by Sa = A + K.a- If vr is the 
projection from A% onto B'^ = A%/G^^ , denoted by A i-^ [A\, we let 

BA(e) = {^1 G Sa : Pi - ^11^2 < e] 

k\A 

= A + {a G Ka : ||a||^2 ^ < e} 

be the open L|-ball in Sa with center A and L| ^-radius e. Similarly, we let 

Bi(e) = {^1 G Sa : Pi - ^|U4 < e} 

= A + {a G Ka : ||a||L4 < e} 

be the open ball in Sa with center A and L^-radius e. 

The proof that the quotient space A^ is Hausdorff makes use of the following well-known 
technical result |22, Proposition A. 5]. Note that the space G'e is neither a Banach Lie group 



nor does it act smoothly on A%' for k>l. 



Lemma 3.1. Let E he a Hermitian bundle over a Riemannian manifold X and let k > 2 
be an integer. Suppose {Aa} and {Ba} are sequences of L'j, unitary connections on E and 
that {ua} is a sequence in G'e such that Ua{Aa) = Ba- Then the following hold. 

1. The sequence {ua} is in G^^; 

2. // {Aa} and {Ba} converge in Ae to limits Aoo, B^o, then there is a subsequence 
{a'} C {a} such that {ua'} converges in G^^ to Uoo and B^o = noo(^oo)- 

We shall need the following quantitative version of the inverse function theorem here and 
especially in Section ^: 

Theorem 3.2. Let $ : E ^ F be a map of Banach spaces, for some £ > 1, such that 
the differential {D^)xg : E — > F has a continuous inverse {D^)~^ : F — > E satisfying 

\\{D^)-^l\\<K and \\{D^)x - {D^U\\ < ^K-\ if \\x - xo\\ < S, 

for some positive constants K and 5. Then the following hold: 

1. The restriction of ^ to the ball U = B^{xq,6) is injective and ^{U) = V is an open 
set in F containing the ball B^{^{xo),S/{2K)); 

2. The inverse map : V ^ U is C^; 

3. If xi,X2 G B^{xo,5), then \\xi - X2II < 2A'||*(xi) - *(x2)||. 
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For quantitative comparisons in this section, the following elementary fact will suffice: 

Lemma 3.3. Let E, F be Banach spaces and let T G Hom(E, F) have a right (left) inverse 
S. IfT£ Hom(E,F) satisfies \\T — T\\ < \\S\\^^ , then T also has a right (left) inverse. 

Proof. If S £ Hom(F,E) is a right inverse for T, so TS = idp, then ||(T — T)S\\ < \\T — 
rllllSII < 1 and idE + (T — T)S is an invertible element of the Banach algebra End(E). 
Define S = 5(1 + (T — T)S)~^, so ST = idp and S is a right inverse for T. Similarly for 
left inverses. □ 

This consequence of the usual characterization of invertible elements of a Banach algebra 
will be invoked in the proof of Lemma 3^ . 

Proposition 3.4. Let X be a closed, Riemannian four-manifold. Then there is a positive 
constant z with the following significance. Let E be a G bundle over X. Suppose that k >2 
is an integer. Given [Aq] in B^, let vq[Aq\ be the least positive eigenvalue of the Laplacian 
A^^ and let Eq be a constant satisfying < eo < z{l + uqIAq]^^/'^)^^ . Then the following 
hold,: 

1. The space is Hausdorff; 

2. The sub space B*^^ C B^ is open and is a G°° Banach manifold with local parametriza- 
tions given by vr : B^y(eo) — > B"^^ ; 

3. The projection vr : A*^' —>■ B*J' is a G°° principal / Center (G) bundle; 

4. The projection it : B^^(eo)/ Stab^ig — > B^ is a homeomorphism onto an open neigh- 
borhood of [Aq] S B'^ and a diffeomorphism on the and a diffeomorphism on the open 
subset where Stab^g / Center (G) acts freely. 

Proof. The stabilizer Stab/iy acts freely on and thus on the Banach manifold Qj^j^^ x S^^ 
by (u, A) I— > 7- (u, j4) = (wy^^ ,^{A)) and so the quotient G'^^ XstabAg is again a Banach 
manifold. We define a smooth map 

(3.3) * : xstab^^^ ^ A'e, [u,A] ^ uiA). 

Our main task is to show that the map ^ is (i) a local diffeomorphism onto its image and 
(ii) injective upon restriction to a sufficiently small neighborhood Xstab^o '^Aq^^o)- 

Given 6o > 0, let -BidE(5o) be the ball {u S G^^^ '■ \\u — idE\\L2^^ ^ < Sq} and let B^^{6o) = 
AdB(<^o)nStabiQ. 

Claim 3.5. For small enough 5 = 5{AQ,k), the ball Bi(^^{6) is diffeomorphic to an open 
neighborhood in B^^{6) x StabAo, with inverse map given by (^0,7) 1— > u = ^07. 

Proof. The differential of the multiplication map 

Stab;4^ X Stabyi^ (?^o, 7) ^ ^o7> 
at (idsjid^;) is given by 

Ker(dyiJ^2_^^)-^ esiobAo ^ LI+i{Qe) (C, x) ^ uqCi + UQ^ix, 

and so is just the identity map with respect to the L^-orthogonal decomposition ( |3.lD 
of the range. Hence, the Banach space implicit function theorem implies that there is a 
diffeomorphism from an open neighborhood of (id£;,id£;) onto an open neighborhood of 
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ide E Ge^^- For small enough 6, we may suppose that if u G -Bid^(5), then u can be written 
uniquely as u = uqJ with no G B^^{6) and 7 G Stab^o- D 

Lemma 3.6. For any < eo < ^(1 + i^oi^o]^^^"^)^^ ! the map ^ is a local diffeomorphism 
from ^1+^ Xstab,4o B^^(eo) onto its image in A%. 

Proof. We first restrict the map to a neighborhood B\^^{5q) XstabA^ ^A^-, which is diffeo- 
morphic to the neighborhood B^^{5) x Saq in Stab^^ xSaq by Claim 3^. The differential 
of the induced map 

(3.4) * : Stabi^ xS^o ^ {u,A) ^ n(A), 

at (id_E, A) := {ids, Aq + ao) is given by 

(D*)(id^,A) iTid^ Stabi^ ©TaSao ^ TaA^e, 

(C, a) -cZaC + a = -dAoC - [ao, C] + a, 
where we recall that TaSaq = Kaq = Ker((i^^|2^2) and 

Tid^ Stabij, = (Ker(dAolL2^^))^ = ^^d^Jq^J. 



Using the L^-orthogonal decomposition ( |3.2D of the range we see that the map 

-dAo ©ids : (Ker((iAolL2))^ ©Ker(d;:iji2) ^ Im((iAolL2) © Ker(d^Ji2) 
given by 1— > — (iApC + & is a Hilbert space isomorphism. More explicitly, the operator 

dAo ■■ (Ker((iAolL2))"^ ^ Im(c^AolL2) = (Ker(d^Ji2))^ 
has a two-sided inverse 

GAod*Ao ■ ^^(dAolil) (Ker((iAolL2))"^, 

where is the Green's operator for the Laplacian A^^ = d^^^dAo- indeed, G^qC^Ao^^o — 
G^^A^^ is the L^-orthogonal projection 11^^^ from Lf(A^ © 0_e) onto {Ker{dA(,\L^))^ and 
dAoG^pC^Ao ^'^^ L^-orthogonal projection n^|J^ = id— from L'^{A^^qe) onto (Ker((i^^|^2))- 



as 



dX(.id-dA,GXd\J = 0. 
For C G (Ker((iAolL2))"'" and b = ^AoC ^ ^T^{dAo\Lj)i have 

< WdAoCh- + iiciil2 < (1 + v'^')MaoCIIl2 = (1 + i^o'^'mh^ 

and so G\^d\^ has Hom(L^,L^^^) operator norm bound 

WGXdXM < 1 + 1^0'^' . 

The Sobolev embedding C and Kato's inequality imply that 

\\dAC - dAoCh^ < II[«o,C]||l2 <2||ao||L4||C||L4 <2||aok4||C|L2 , 

and so c^a — ^Ao has Hom(L^ L^) operator norm bound 

\\dA - dAoW < 2||ao||L4. 
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In particular, we see that (D*)^^^ = G^^^d\^ id = G^^d^^ G° ^jA°^^ satisfies 

ll(^*)0d',,A„)ll < 1 + '^o"'^' and ||p*)(id,,A) - P*)(id,,Ao)ll < 2||ao||L4. 

Hence, Lemma |3.3| implies that if HooIIl* < ^(1 + ^^'^)~^^ then the operator 

(^*)(ids,A) : (Ker(dAolL2))^ x Ker(d::iji2) ^ l2(A1 0^) 

is an isomorphism from to and restricts to a bounded linear map from to L|. 

Provided (D'J')(id^_A) ^ -^I+i ~^ ^1 bijective, the open mapping theorem guarantees the 
existence of a bounded inverse (L'^')^^^ : — > L'^_^-^^- If {D'^)(^i^^ j^^{(,a) = for 
(C, a) e then (C, a) is zero in and thus zero in Ll_^^, so {D'^)(^^^^ j^^ is injective. If 

b G L|(Ai0 0i5), then 6 = (L'*)(id^,A)(C,a) = -^AC + afor some (C,a) e (Ker(dAo II?))^ x 
Ker((i^^|^2). As d^^a = 0, we have 

d*AodAC = -d*Aob G ^Li 
and d^Q^A : -^l+i ^ ^fe-i elliptic operator with coefficients. Thus, ( £ -^I+i) so 
a = b + (IaC G -^^fc) and a) is surjective. 

Combining the above observations, we see that the operator 

(^*){id^,A) : (Ker(dAolL2^J)^ ©Ker(d^J^2) ^ ^^(AI ® g^), 

is an isomorphism for all A = Aq + gq with HaoIlL" < ^0 = |(l + ^o ^^^)^^- So, by the Banach 
space implicit function theorem, there are positive constants e = £{A, k) and 5 = 5{A, k) 
and an open neighborhood Ua C A^^ such that the map 

* : B^^^{5) X BA(e) ^ C/a, ^ 
with BA(e) C B^^(eo), gives a diffeomorphism from an open neighborhood of (id^;,^) 
onto an open neighborhood of A. In particular, we obtain a map Ua Stab^^^, given by 
I— > u = itAi ) such that 

^-\Ai) = {u,u-\Ai)) G Bt^^id) X BA(e) C Stab^^ xB^^Ceo). 
Hence, for any Ai G Ua there is a unique u G -8.^^(5) such that u^^{Ai) — Aq £ ^Ao'- 
(3.5) d:i„(n-i(.4i)-^o) = 0. 

The neighborhood B^^^(eo) is StabAo -invariant: if A G BAo(e) and 7 G StabAo, then 
||7(^) - ^o||l4 = \\A - 7-1(^o)||l4 = \\A - ^o||l4 < e, 

and 

dX {l{A) - ^0) = 7 (rf;-i(Ao)(^ - 7"'(^o))) 
= 7K„(A-^o)) =0, 

so 7(A) G BAo(e). 

The group ^^"^^ acts on Q^"^ x Sa,, by {u,A) ^ {vu^A), and so gives a diffeomorphism 
i3id^((^) X Bji„(eo) ^ i?.(5) X B^„(eo), {u,A) ^ (m,A), 
and as this action commutes with the given action of StabAo j it descends to a diffeomorphism 

-BidB(<5) XgtabAo ^^0(^0) ^ B^{5) XgtabAo ^^0(^0), [^^, A] ^ [vU,A], 
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for each v G Gj^^- Consequently, the ^^"^^-equivariant map 

is a local diffeomorphism onto its image, as desired. □ 

Plainly, [7(^)] = [A] for each 7 G Stab^iQ and A £ B^y(eo) and hence, the projection 
vr : B^^(eo) —>■ A% factors through B^^(e)/ StabAo- 

Lemma 3.7. There is a positive constant z with the following significance. Let fo[^o] be 
the least positive eigenvalue of the Laplacian A^^^. Then for any constant £q satisfying 

< eo < z{l + z/o[ylo]~^^^)^^, the projection map ir : B^^(eo)/ Stab^,, is injective. 

Proof Suppose Ai G B^^(eo) for i = 1,2 and that [Ai] = [A2] G B'^, so u{Ai) = A2 for 
some u G G^^- Since u{Aq) = AQ — {dAou)u''^, we see that u G Stabyig if and only (IaqU = 0. 
Here, we view u G LI._^-^{qI{E)) via the isometric embedding G'e'^ C L1^^{qI{E)) and write 

It = no - 7, 

where uq G (KevdAo)'^ and 7 G Kerd^g. We claim that uq = 0, so n = 7 G Stab^p. 

Since u{Ai) := Ai — {dAiu)u~^ = A2, we have A2U = Aiu — dA^u = Aiu — dAgU — [Ai — 
Aq,u], and therefore 

d^o^^o = dAoU = u{Ai - Aq) - {A2 - Ao)u. 
Since d\^{Ai — Aq) = for z = 1, 2, we obtain 

dAgdAoUo = - * {dAoU A *{Ai - Ao)) + udA^iAi - Aq) 

- {d^, {A2 - Ao))u + *{*{A2 - Ao) A dAou) 

= -* {dAoUo A *{Ai - Aq)) + *{*{A2 - Ao) A dAoUo)- 

Integrating by parts gives 

MAo'"o|li2 = idAodAoUo,Uo)2 < \\dAodAoUo\\L-i/3\\uo\\L'i- 

Kato's inequality and the embedding C gives ||no||L4 < c(||(iAo^o||L2 + II^oIIl^)! so the 
eigenvalue estimate ||no||i2 < Uq WdAoUoWi^ gives IIuoIIl-* ^ c(l + z^q )||(iAo'Wo||L2 and 
thus 

\\dAoUo\\l2 < {1 + iy^^^'^)\\d\^dAoUo\\Li/3\\dAoUo\\L^. 
Therefore, if dAgUo ^ 0, the preceding expression for d*^^dAoUo yields 

— 1/2 

WdAoUoh^ < c{l + i^^ )\\dX^dAoUo\\Li/3 

< C(l + UQ^^^)\\dAoUo\\L2{\\Ai - Ao\\l4 + \\A2 - Ao||l4), 

and so we have 

1 < c(l + i^o"'/')(pi - AoWl^ + \\A2 - AoWl^) < c(l + iyo^^^)eo. 
which gives a contradiction for eo < c^^{l + Uq^^"^)^^ □ 

We now return to consider the local diffeomorphism ^ of Claim [3^ . Suppose ^1] = 

^[U2,A2] G ^1, where [ui, Ai], [^2,^2] G Ge~^^ Xstab^^ ^Ao(^o)' and so ui{Ai) = ^2(^2) G 
A'^ and hence [^1] = [A2] G B^. Provided Eq also satisfies the constraints of Claim |3.7| , we 
have ui = 7 G Stab^,, and 7(^1) = A2. Hence [^2,^2] = [^i7~"^) 7(^1)] = ["^^ij^i]) so 

is injective and therefore a diffeomorphism onto A^. 
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The map vr : 'B\^^{eo)/ Stabyio — > can be factored as the composition of the inclusion 
A {idE,A) of B^^^(eo) into G'^^ x B^^(eo), the projection onto the Stab^p -quotient 
^1^^ XstabAo B^^(eo), the diffeomorphism * of Xstab^^ B^^(eo) with A% and the 

projection from A^ onto the ^^"^^-quotient B'^ = A'^/G^^- Hence, vr is a homeomorphism 
onto an open neighborhood of [Aq] in B'^ and a diffeomorphism on the open subset where 
Stabyig / Center (G) acts freely. 

Claim 3.8. The quotient space B^ is Hausdorff. 

Proof. Let T be the subspace {{A,u{A)} : A e A% and u G Qe^^} of A% x A%. If 
{{Aa),Ua{Aa)} is a Sequence in F which converges in L| to a point {^oo. Boo}, then Lemma 
implies that there is a subsequence {a'} C {a} such that {ua} converges in -C/^^.^ to 

Uoo £ ^E^"^ ^iid tioo(^oo) = Boo- Thus, r is closed and the quotient A'^/G'^^ is Haus- 
dorff. □ 



Claim 3^ gives Assertion (1) of the proposition and Assertions (2), (3), and (4) now 
follow from the preceding arguments and Lemma This completes the proof of the 
proposition. □ 

4. Critical-exponent Sobolev norms 
We now describe the basic properties of the critical-exponent norms and corresponding 



Banach spaces introduced by Taubes in |48, 49, 5C, 51]. In particular, we give the basic 



embedding, multiplication, and composition lemmas we need to complete the proof of our 
slice theorem. We shall make frequent use of the pointwise Kato inequality, \d\v\\ < {V^vl 
for V £ il^{E), so that the norms of the embedding and multiplication maps depend at 
most on the Riemannian manifold {X,g). Moreover, for simplicity, we confine our attention 
to the case of closed four-manifolds: there are obvious analogues of the Sobolev lemmas 
described here for any n-manifold, with n > 2. Similarly, extensions are possible to the 
case of complete manifolds bounded geometry (bounded curvature and injectivity radius 
uniformly bounded from below) — see |]^, ^ for further details for Sobolev embedding 
results in those situations and for the construction of Green kernels. We refer the reader 
to the monograph of R. Adams ^ for a comprehensive treatment of Sobolev spaces and to 
that of E. Stein for a treatment based on potential functions. 

Throughout this section. A, B denote C°° orthogonal connections on Riemannian vector 
bundles E, F over X with C°° sections u, v, respectively. We first have the following 
analogues of the and norms, 

(4.1) ll^^llLtt(x) = sup ||dist~2(x,-)|'u|||ii(x), 

lkllL2tim = sup ||dist~^(x,-)|'u|||L2(x), 

where dist(x,y) denotes the geodesic distance between points x and y va. X defined by 
the metric g] these norms have the same behavior as the and norms with respect 
to constant rescalings of the metric g — the norm on two-forms and the L^" norm on 
one-forms are scale invariant. Indeed, one sees this by noting that g ^ g = X~^g, then 
distp(x,y) = distg{x,y) and dVg = X~^dVg, while for any a G Q^{E) and v G $7^(E'), we 
have \a\g = X\a\g, and \v\g = X'^\v\g. 
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Next, we define analogues of the Lf and norms 

= \Nau\\l2(X) + lkllL2(x), 

72 



and set 

(4-2) II^IIl" ^(X) = \\'^Au\\Lt(X) + \W\\Ln(X) + \W\\l»{X), 



where = - * Va* : 0.^{E) n°{E) is the L^-adjoint of the map Va : Q^{E) n^{E). 
Finally, we define analogues of the Ci L/^ norm 

ll'"llconL2_^(x) = ll^^llco(x) + 

and set 

(4-3) ll?^llLtl.2(x) = lhllLtlnL2(X) = ll'"llLtl(X) + II'"IIl2(X), 

ll^*llL2tt,4(x) = ll'"llL2ttnL4{X) = ll'"llL2ti(X) + II'"IIl4(X), 

M\l\^^(x) = MLl^nLl^(x) = MlI^(x) + II^IIl2.,(x), 

\Ml^^^(x) = ll^ll4^nL2,,(x) = II^IIlI^W + II^IIl2.,(x)- 

It might have appeared, at first glance, a little more natural to continue the obvious pattern 
and instead define ||tt||^tt (^x) ^^ing ||V^n||^tt{js:)- shall below, though, the given 

definition is most useful in practice. For related reasons, if u G Q}{E) = Q^{h} E), it is 
convenient to define the norm ||ii||ftt /v^ by 

(4-4) IMll^iX) = II^A'"llLtt(X) + lkllL2tt(x) + IkllLtt(X)- 

Let L'>^{X) be the Banach space completion of C°°{X) with respect to the norm || • and 
similarly define the remaining Banach spaces above. 

We have the following extensions of the standard Sobolev embedding theorem p2| , |37| : 
their proofs are given in the next section. See also |l2|, @, ||, ||, §6], 1^, Eq. (3.4) & 
§5], and |51, Lemma 4.7]. 

Lemma 4.1. The following are continuous embeddings: 

1. Ll{E) C lI{E), for k = 0,1,2 and all p > 2; 

2. Li{E) C L^HE), for all q > 4; 

3. Ll{E) C L^^{E). 

In the reverse direction we have: 

Lemma 4.2. The following are continuous embeddings: 

1. L^{E) C L^{E) and L'^^{E) C L'^{E); 

2. l\{E) c C0nL2(^); 



We next consider the extension of the standard Sobolev multiplication lemma [22, 37 1. 
While there is no continuous multiplication map L!^ x L\ ^ L\, it is worth observing that 
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there is a continuous bihnear map C° n Ll{E) x C° n Ll{F) n L^^E F) given by 

(n, 1-^ u f . Note that for u € Q,^{E) and v G Q,^{F) we have 

(4.5) "^msi^ ^v) = (V^n) t; + 2Vau Vst; + u V|t;, 
Va®bVa®b(u 7;) = (V^Vau) w + *((*VAn) A Vbv) 

Similarly, for u £ fi°(A^ ® £;) and v £ il°(F), we have 

(4.6) ^*A(S)Biu ® w) = (V» (g)v + *{*u A Vbi;) 
In particular, we see that if u,v £ Q,^{qI{E)), then 

(4.7) V^Va(™) = iV*AVAu)v + *((*VAn) A Vai^) 

- *{Vau a (*Va^^)) + n(V^VAt'), 
an identity we will need in the next section. 

Lemma 4.3. Let n^{E) x fl.^{F) n°{E F) be given by {u,v) v. Then the 

following hold. 

1. The map C^{E) ® L\F) L^{E® F) is continuous; 

2. The map L'^^{E) (g) L^^F) L^E ® F) is continuous; 

3. The spaces l\{F), L\{F), and l\{F) are l\{E) -modules; 

4. The spaces Ll{F), l\'^{F), andL^/{F) are l\'^{E) -modules; 

The conclusions continue to hold for Q}{E) in place ofVt^{E) and the norms on l\{A^ ®E) 
and l\'^{K^ ® E) defined via (|4^) . 

Proof. Let u £ C°°{E) and v £ C°°{F) and denote the covariant derivatives on E^ F, and 
E iSi F hy V. Using V(n fgi v) = {Vu)v + n (g) Vu and the embedding lI{E) C C^{E), we 
see that 

||'U®'y|lLtt < ll'^llco ll^llLf ll^i 03 ^llitt < ll'"llL2tt ||^^||L2tl ) 

||V(n(g) w)||itt < l|Vn||^2tt||v||j^2tt + ||^i||co||V'"llLtt < c||u|Ltt ll^^llrti, 

-^2 -^1 

\\V{u^v)\\l2 < \\Vu\\l4\\v\\l4 + ||u||(7o||Vu||i2 < ||n||conL2||z;||j^2, 

and hence the multiplication maps C° X Ltt ^ Ltt, L^tt X L^tt lB, and l| x l{ l{ are 
continuous. Moreover, 

\\V{u(g)v)\\L2 < ||Vn||i4||T;||i4 + ||u||co || Vt>||i2 < c||u||(;0nL2||t>||i2, 

and so, using the embedding the multiplication L^^ x L^'^ ^ L^'^ is continuous. 

Thus, is an L|-module and is an L^'^-module. 

Finally, to see that and ^ are algebras, we use the identities ( fl.5[ ) , noting that 

||V*V(nOf)||i8 < ||V*Vtt||i,||v||co +2\\Vu\\L2i\\Vv\\L2i + ||'u||co||V*V?;||^s 
so the multiplication x ^ L2 is continuous, while 

||V^(ti f )||/,2 < ||V^ti||j;^2 ||u||cO + 2||Vu||j;^4 II Vf 11/^4 + ||ti||(70 ||V^f 11^2 

< cll-ullcOnLill^^llcOnL^ 
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The embedding L2 C C*^ now implies that the multiphcation L^' ^ x L. 



Luf' is continuous. 

□ 



5. Critical-exponent Sobolev embeddings and estimates for Green's 

operators 

We continue the notation and assumptions of Section ^. Our goal in this section is to 
prove the Sobolev embedding Lemmas [4.1| and and to derive estimates for the Green's 
operator Ga of the Laplacian V^V^i on ^1^{E). The key estimates described in this section 
are due to Taubes and they arise, in a variety of contexts, in |4C, 48, 5C, 51|. However, 
we find it convenient to collect them here — together with some useful extensions and 



generalizations — both for the purposes of the present article and applications in 21, 34 1. 



5.1. Estimates for the covariant Laplacian V^V^. Let G{x,y) be the kernel function 
for the Green's operator {d*d+l)^^ of the Laplacian d*d+l on C°°{X). The kernel G{x, y) 
of {d*d+ 1)~^ behaves like dist~^(x,y) as dist(x,y) (see Lemma 4.7] and §5]): 

Lemma 5.1. The kernel G{x,y) is a positive C°° function away from the diagonal inXxX 
and as dist(a;, y) 0, 



Gix,y) 



1 



47r2 dist (x, y) 



+ o(dist {x,y)). 



Proof. These and other properties of G are obtained by explicitly constructing G from an 
initial choice of parametrix H for d*d+l using the method of |3, §4.2.2-3], where the kernel 
for the Green's operator for d*d is constructed. Recall from [44, p. 132] that the kernel 
Go(x,y) for l)-i on 

^0(2;,^) = 



with its standard metric satisfies 
1 



4^2 



X - y\ 



+ o(|x - y 



-2\ 



\x - y\ 



The kernel G is now constructed using Go by following the method of [^, §4.2.2-3]. 



□ 



Lemma |5.1| implies that there is a constant c depending at most on g such that for all 
X y^y in X, 

(5.1) c"^ dist~2(x, y) < G{x, y) < cdist"^(x, y). 

Consequently, for all u G ^^{E), we have 

(5-2) c~^M\Li{X) < llCklllcoc^) ^ c||u||itt(x)- 

Lemma [4.2| will follow from the next estimate; a similar inequality is stated as Equation 



(3.4) in [gO[ for the case p = 2; see [40, Lemma 5.4] for the proof when p = 2 and X 



Lemma 5.2. Let X he a closed, oriented four-manifold with metric g and let \ < p < A. 
Then there is a positive constant C such that for all f £ Lj'(X), 

SUp[[dist-l(x,-)/[[LP <C[[/[[iP. 

Proof. We may assume that / G C°°(X). Let g denote the injectivity radius of the Rie- 
mannian manifold {X,g) and let {B{xi, g)}iLi be a covering of X by geodesic balls with 
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centers at points Xi and radius q/2. Let {xi}f=i be a partition of unity subordinate to this 
cover, so that suppxi C B{xi, g) and J2iLi Xi = 1- Using / = J2iLi Xif, we have 

N 

sup\\dist-\x,-)f\\l,<Y, sup / dist-P(x,-)|Xi/rd^. 

For any fixed x £ X, let exp~^ : B{x, g) — > be a geodesic normal coordinate chart 
centered at the point x G X, let {y^} be the induced local coordinates centered at x G X, 
and let r = dist(x,y). We apply the divergence theorem and integration by parts to bound 
the integrals 

/ dist-p(x,-)ixi/rd^. 

Jb{x„q) 

For this purpose define vector fields r/j = -q^d/dy^ supported in B{xi, g) by setting 
li g = dei{gfj.y) then, since = Yl^iv^)"^^ 'we have y'^9/f?y^ = rd/dr and so 

d 

= div3,77i + J^r/f— logoff 

= divg^ + r^-P|xi/r^ log 

where div^^ r/j = Sr/^^ / is the divergence of r/j with respect to the pullback of the 
Euclidean metric ge on B{xi, g). From |^, Theorem 1.53] we recall that 9(log ^)/dr = 0{r) 
and thus 

divgr?i = div,,ry, + 0(r2-f|xi/r). 
Using ^^y^d / dy'^'' = rd/dr, we have 

d-.e = E {y'r-^\xm 

= (4 - p)r-P|xi/r + pr^-''\x^fr^^^, 



and so as p < 4, 



'^^IXi/r=-j divg^r/i-- r P\xif\ 

4 — p 4 — p ar 

< div, + ^r^-^\x^f\^ + 

4 — p 4 — p 4 — p ar 
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Note that d/dr is a unit vector with respect to the metric g. The divergence theorem, 
Holder's inequahty, and the fact that r/j has compact support in B(xi, g) imply that 

/ r~P\x^f\''dV 

<J^ f r'-''\x^fr'\dix^f)\dV + -^ [ r''-P\x^f\^dV 

\ {p-l)/p / \ 1/p 

r-^lXifl^dv] / \dU^fWdV] 

J \JB{x„g) J 

r-^lXifl^dv] / rP\x^f\''dV] , 

B{x„g) J \JB{x„g) J 

Consequently, 

\\dist-\x,.)xif\\L. <C{\\d{x^f)\\LP + \\X^f\\Lp) < C {\\df\\LP + , 

for each i and so the desired result follows. □ 




Proof of Lemma Define 1 < p' < 2 by setting 1 = l/p + 1/p'- Then Holder's inequality 
implies that 

II dist~^(x, •)|'u| 11^1 < II dist~^(x, •)||^p' ||u||lp < C||ti||LP, 

II dist~"'"(x, •)|ti| 11/^2 < II dist~"^(3;, •)||^2p' ||u||^2p < C||n||i2p, 

which gives Assertions (1) and (2). By Lemma |5.2| and Kato's inequality, \d\u\\ < |V^n|, 
we see that 

sup II dist~"^(3;, •)n||LP = sup || dist~"^(x, ■)\u\ \\lp 
xex x<=x 

< C(||d|n|||LP + llnllip) 

< C(||Vau||lp + II-uIIlp). 

Taking p = 2 gives Assertion (3). □ 



Lemma 4.2 will follow from the estimates below; the key estimates (1) and (2) in Lemma 



5.3 below and the estimates (1), (2), and (3) in Lemma ^.4| are essentially those of Lemma 
6.2 in 1 49 1, except that the dependence of the constant on ||Fyi 11^,2 is made explicit, but the 
argument is the same as that of p9|]. 



Lemma 5.3. Let X be a closed, oriented four-manifold with metric g. Then there is a 
constant c with the following significance. Let E be a Riemannian vector bundle over X 
and let A be an orthogonal connection on E with curvature Fa- Then l\{E) C C^r\L\{E) 
and the following estimates hold: 

(1) \Wau\\l2h^x) + ll^llco(x) < AuWii^x) + \\u\\Li{x)^ 

(2) l|VA^x||i2tt(x) + ll-ullcoW < AuWLi^^x) + IKIIl2(X), 

(3) IkllLi(^) - c|k||Ltt(x), 

(4) lhllL2(x) < c|hllL2tt(x), 

(5) \\^ Au\\l2(X) < Au\\L2f,(^x)- 
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Proof. For any u G C°°{E) there is the following pointwise identity p^, p. 93], 

IVa^P + \d*d\u\'^ = {V\Vau,u), 

and thus: 

IVa^P + \{l + d*d)\u\^ = {V*A^AU,u) + \\u\^, 
Using this identity and the fact that ■){d*d + dV = |np(x), we obtain 

G(x,-)|VAUpdy + < / G(x,-)KVAVAU,u)|dy + i / 

X Jx Jx 



Therefore, from ( |5.1| ), we have 

ll|VAiip||L« + IlkPlIco < c||(V^VAU,u)||iB +c|||n|2||^B 

< c||VAVAn||^tt||n||co + c||n||^tt ||?i||co 
Consequently, using rearrangement with the last term, we see that 

||VAn||i2tt + ||n||co < c||VAVAti||Ltt + c||it||Lti, 
giving (1). Combining this estimate with the embedding and interpolation inequalities, 
||it|li,tt < c||n||^4 < c||ti||^2^||n||^(f , and again using rearrangement with the last term yields 
the bound in (2). Since X is closed, for all x ^ y we have dist(x, y) < M < oo, so 

/ dist-2(x, )|n| dV > M'^ [ \u\ dV, 
Jx Jx 

and this gives the estimates in (3), (4), and (5). □ 



Proof of Lemma I^.i. From Lemma |5.3| we have the estimate 

||ti||co < c||u|Ltt , 

for any u G C°°{E). Let {um} be a sequence in C'^{E) converging to li e L^iE). The 
sequence {um} is Cauchy in L^C-^) applying the preceding estimate to the differences 
^^7712 ~ Umi, we see that it is Cauchy in the Banach space C^{E) and so the limit u lies in 
C^{E). The same argument, with estimates (1) and (5) of Lemma |5 .31 , shows that u £ L'\{E) 
and this yields Assertion (2) of the lemma. Assertion (1) follows in the same manner. □ 

Lemma 5.4. Continue the hypotheses of Lemma \5. % Then for any u G {C^ n L'^){E), we 
have 

(1) \\^\u\\l^{X) < II Va VAn||i2 +c|| Fa 11^(^(^)11 VAn||i4(jf) 

+ II-^a||l2(x)II'"IIco{a:), 

(2) l|VAn||i4(x) < lkllco^(x) {\\^*A^ a'^Wl^x) + ^^Aullmx))^^"^ , 

(3) l|VAn||L2(x) < 2||VAVAn||i2(x) + c||Fa||l2(x)||u||co(x)- 

Proof. The Bochner-Weitzenbock formula for the covariant Laplacian Appendix, The- 
orem II. 1] asserts that 

(5.3) d*AdA + dAd*A = V*AVA + {FA,-}, 



CRITICAL-EXPONENT SOBOLEV NORMS AND THE SLICE THEOREM 21 

where we use {•,•} to denote a certain bilinear map whose precise form is unimportant 
here. Integrating by parts and noting that dA = and d'^dA = V^V^ on Q^{X, V) and 
Fa = dA° dA gives 

l|Viu||i2 = {V*aVaVau,Vau)l2 

= {{d*AdA + dAd*A)dAU,dAu)L2 - {{FA,dAu],V au)l2 

= {d*AFAU,dAu)L2 + {dA{d*AdA)u,dAu)L2 - {{Fa,V AU] ,V AU) L2 

= {Fau,Fau)l2 + {V*a^au,V*aVau)l2 - {{Fa,Vau},Vau)l2. 

Therefore, applying Holder's ineqality, we find that 

llVinll^^ < llV^iV^nll^^ +c||F4||i2||V^n||24 + llF^lli^ ||n||^o, 

and taking square roots gives the desired bound in (1). 

We now use integration by parts and Kato's inequality \d\u\\ < {VauI to obtain an 
bound on dAu: 

WdAuWli = {dAU,\dAu\'^dAu)^2 

= (n, \dAu\'^d*y^dAu) + 2 {u, \dAu\dAU A d\dAu\)]^2 , 

= ll'"llco|MA'u|li4||d^(iA'u||L2 + 2||u||co||dyi'u|li4||VA(iA'u||i2, 

and so, if dAU ^ 0, 

||dAli||L4 < \\u\\^Jo {\\dA(^Au\\L2 + 2\\V\u\\L2y^'^ , 

which gives the desired estimate in (2). 

By combining the estimate for V^^^ with the estimate for V^u, we obtain 

||V^n||i2 < \\VaVau\\l2 + ||FA||L2||n||co 

+ cWFaW'/^WuW'J^ {\\V\VAuh2 + ||V>||,.2)'/' . 

We now use rearrangement with the last term above to give 

||V^n||i2 < 2\\V\Vau\\l2 + c||FA||L2||ii||co, 

and this establishes the desired bound in (3). □ 

Lemma 5.5. Continue the hypotheses of Lemma \5. Then for any u G Luj^{F\ we have: 

+ ll^^llcO(X) < c(l + \\Fa\\l2(X)) {\\^*a^au\\l»,^x) + II^^IIl2{X)) ■ 
Proof. From Assertion (3) of Lemm |5.4| we have the estimate 

||V5in||i2 < 2\\V\Vau\\l2 + c||Fa||l2||u||co, 
while integration by parts gives 

\\Vau\\l2 = (V^VAn,n)^/' < {\\V\Vau\\l2 + \\u\\l2) . 

According to Lemma 5^ we have 

ll^llc" ^ c|| V^VAullitt + c||ii||2,2, 
and therefore the desired bound follows by combining these estimates. □ 
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The above lemmas lead to the following estimates for the Green's operator Ga ■ iv^'^(-E) — > 
4'^(£;) of the Laplacian V^Va : -^^2^(£^) ^ L^'^{E). For u E n^{E) define 

(5.4) II 

~ II^A^A'u||j;^tt,2(x) + ll^llLtt,2(x)i 

and observe that this is equivalent to the -Z>2 a norm defined in Section H, although the 
comparison depends on the norm of the curvature F^- 

Lemma 5.6. Continue the hypotheses of Lemma \5. $ . Let i'qIA] be the least positive eigen- 
value of the Laplacian V^V^- Then for any u G L^'^ D (Ker V^Va)"*", we have: 

(1) II'^^^IIl" ^(X) ^ C(l + Z^o[^]"^)||'"|lLtt.2(X)' 

(2) II'^AUII^M < c(l + M^]'')\W\\l»^^(x), 

(3) IIGa^II^m (^) < c(l + MA]-'){1 + \\FA\\mx))\MLt.Hx)- 



Proof. The first and second assertions follow from Lemma p.3| , the fact that aGau = u 
for u G (Ker V^Va)"*", and the eigenvalue estimate ||n||^2 < z^o[^] ""^llV^VA^illLZ, while the 



third assertion follows from the first and Lemma 5.5. □ 



5.2. Elliptic estimates for d\ + d^. To illustrate their application and to point to pos- 
sible extensions, we note that the estimates of Section for the covariant Laplacian 
V^Va = d\dA on Vf'i^E) naturally extend to give estimates for the covariant Laplacians 
V\Va on 9.'^{E) = Q°(A^ ® E). Estimates for V\V a on Vl^{k^ ® E) and n^{K+ ® E) 
are of particular interest since these can in turn be profitably compared (via the Bochner- 



Weitzenbock formulas |22, Equations (6.25) & (6.26)], as in [^]) with the remaining Lapla- 
cians defined by the elliptic deformation complex for the anti-self-dual equation [0, 22 1, 
namely dAd\ + d'^*d\ on VlP{A^ ® qe) and d\d'^* on 0°(A+ ® qe)- Indeed, if Bi and B+ 
are the Levi-Civita connections on and A+ induced by the Levi-Civita connection on 
TX for the metric g, then the curvature '-Fa' in the estimates of the preceding subsection 



is simply replaced by |30, p. 165] 

Fbi®a = Fbi O idgg + idAi Fa, 

Fb+<2,a = Fb+ idg^ + idA+ Fa, 

where Fb^ and Fb_^ are expressed in terms of the Riemann curvature tensor Rm and where 
we abuse notation slightly and denote the connections on E and qe both by A. (See 
p2| , Appendix C] and |p8| , Appendix II].) In the interests of brevity we shall confine our 
attention to the case of estimates with p = 2, though the methods can be modified to 



obtain estimates for p ^ 2 (some work is required — see |14, p. 426] for hints). 

In order to compute the required elliptic estimates for d~^ we will need the Bochner- 
Weitzenbock formulas, 

(5.6) dAd*A + 2d\d\ = V*aVa + {Ric, •} - 2{F^, •}, 

R 
"3 

for the Laplacians on f!.^{QE) and ^'^{qe) H^, Equations (6.25) & (6.26)]; here, Ric, W^, 
and R are the Ricci, self-dual Weyl, and scalar curvatures of the Riemannian metric g on X. 
In applications to the degeneration of anti-self-dual or 'almost anti-self-dual' connections 
A as in |45, 47, 4S, 5C], we can usually arrange to have a uniform L°° bound on F^, but 



(5.7) 2d+d*A = V^Va - 2{T^+, •} + - + •}, 
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not a uniform bound on when p > 2. We derive estimates in the remainder of this 
subsection with such apphcations and assumptions in view. To iUustrate the nature of the 
difficulty we first derive a naive Lf ^ estimate for a £ LKqe) in terms of the norm of 
{d\ + 4)a: 

Lemma 5.7. Let X be a closed, oriented four-manifold with metric g. Then there is a 
constant c with the following significance. Let E be a Riemannian vector bundle over X and 
let A be an orthogonal L\ connection on E with curvature Fa- Then for any a G L'\{A^®qe), 

(5-8) \\a\\Ll^(x) < '^\\{d*A + d\)a\\L2{x) +c(l + WF^Wc-^x))^'"^ l|a||L2(x)- 

If a is L'^ -orthogonal to Ker(iJ[, so that a = d\v for some v G L\{X^ "SD 0s); then 

,^ WavWlIax) < ^\\d\d\v\\L2(^x) + + \\FA\\c'\x)f^^ 



Proof. From the Bochner-Weitzenbock formula for dAd'^ + 2d'^d~^ in (|5.q ) and integration 
by parts, we have: 

||VAa|||2 = {V*AVAa,a) 

= {dAdAa, a) + 2 (d^dj^a, a) — ({Ric, a}, a) + 2 [{Fj,a}, a) 

< \\d*Aa\\l2+2\\d\a\\l2+c{l + \\FX\\co) \\a\\l2 

which gives (|5^. If a = d*^v, then d\d\v = {d\dA)*v = {F^)*v, so that 

Na«^>IIl2 < II^1IIco|I^IIl2- 

Thus, ( |5.9D follows from (^^) and the above inequality. □ 

Since d\ + d~j^ is an elliptic operator, estimates of the above form follow from the general 
theory of linear elliptic operators. However, the preceding elementary derivation using the 
Bochner-Weitzenbock formula gives us a constant whose dependence on the curvature terms 
F^ and F^ is made explicit. In particular, we see that the estimate is only useful when we 
have a uniform bound on F^ independent of A, which is not possible when A bubbles. 
At the cost of introducing a slightly stronger norm than the L^ norm on the right hand side 
of the estimate above, we can derive an Lf ^ bound for a = d'^v with an estimate constant 
depending on H-F"^ ||l2(x) rather than ||co(x)- Specifically, Equation ( |5.5| ) and Lemma 
5.5 give the following L| ^ estimates for sections of Qe- 



Lemma 5.8. Continue the hypotheses of Lemma 5.7. Then the following estimate holds 
for any v € Lp(A+ Qe): 

\HlI ^{X) + IbllcO(X) < c(l + II^A||L2(X))(l|V^VAu||iB,2(x) + \\v\\l2(X))- 



We now replace the covariant Laplacian V^V^i in the estimates of Lemma |5.8| by the 
Laplacian d~^d*^ via the Bochner formula {^^) to give: 



Lemma 5.9. Continue the hypotheses of Lemma 5.8. Then there is a positive constant 
e = e(c) such that the following holds. If \\Fa\\l12(^x) < then 

MlqAX) + ll^'llco(x) < c(l + \\FA\\mx))i\\dAdAv\\L»'^x) + II^'IIl2(x))- 
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Proof. From ( ^.51 ) and Lemma 4.2 we have 



|VAVAw|lLtt,2 < 2||(iJ^(i^t>||^t!,2 + c||t;||itt,2 + c||F[||^b,2 ||w||co. 



Combining the preceding estimate with that of Lemma |5.8| , together with the embedding 
and interpolation inequalities \\v\\]^i < c\\v\\i4 < c||f ||^2^ ||u||^o^, and using rearrangement 
with the last term yields the desired bound. In particular, by choosing e(c) small enough 
that c||i^^||/,tt,2 ||u||(70 < 1/2, we may use rearrangement to bring the right-hand term ||f ||(70 
to the left-hand side. □ 

Since M/i^|l2,2 ^ < Lemma yields an if ^ estimate for d^u: 

Corollary 5.10. Continue the hypotheses of Lemma \5. i\ . Then: 

\\d*Av\\Llj,{x) < c(l + \\FA\\mx))i\\d\d\v\\Li,2(^x) + 
Note that if a G ^^{qe) is L^-orthogonal to Ker d~^, so that a = d\v for some v G il^(g£;). 



and Ker dj^d^'* = 0, then the estimate of Corollary 5.1C can be written in the more familiar 
form 

(5.10) \MlI^{x) < c(l + \\FA\\L^{x)){\\dAa\\Li^2(x) + z^2[^]"^/^||a||L2(x)), 

where we make use of the eigenvalue estimate 11^11^2 < f2[A]~"^/^||d^v||i2; the term d\a 
above can be replaced by {d\ + d^)a without changing the estimate constants. Here, 1^2 [^] 
is the least positive eigenvalue of the Laplacian d\d^* . 

6. Existence of gauge transformations via the method of continuity 



In this section we complete the proof of Theorem 1.1 using the method of continuity. The 



strategy broadly follows that of Uhlenbeck's proof of Theorem 2.1 in |54]. The main new 



technical difficulty, not present in |54], is the need to compare distances in the Coulomb- 
gauge slice Saq C through the connection ^0 and gauge-invariant distances in 
from the point \Aq\. It is at this stage of the method of continuity (in proving openness 
— see Lemma |6.6D — that we need to employ the special norms and Green's operator 
estimates described in Sections ^ and ^ in order to achieve the requisite control of gauge 
transformations; the proof of closedness works, as one would expect, with standard Sobolev 
and L\ norms. In |54|, the norm of the curvature Fa essentially serves as a gauge- 
invariant L\ measure of distance from [A\ to [L], where T is the product connection on the 
product G bundle over the unit ball. 

For k > 2, we define the following distance functions on B^, 



distL4{[A],[Ao]) = inf \\u{A) - Ao\\a, 

dist^,,2 {[A], [Aq]) = inf {\\u{A) - ^o||l2«,4 + \\dX{u{A) - ^o)||lm) 

dist^«,2 {[A], [Ao]) = inf (\\u{A) - Ao|Il2 + \\dX{u{A) - Ao)||lm 

dist.2 {[A], [Ao]) = inf \\u{A) - Ao||r2 , l<i<k, 
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and the following balls with center at [Aq] and radius e: 

Blx*^^{e) = {[A] G e| : dist^«,.^^ ( [A] , [Ao]) < e}, 

Bll^ie) = {[A] G e| : dist^M^([A], [^o]) < 4, 

Bll]ie) = m e B'e : dist^.^^([A], [^o]) < e}. 

Their open counterparts are denoted B^J^^^{e), B^^^^{e), and B^^^^{e), respectively. Our 
goal in this section is to establish the following: 

Theorem 6.1. Let X be a closed, smooth four-manifold with metric g and let G be a 
compact Lie group. Then there are positive constants c, z with the following significance. 
Let E be a G bundle over X and suppose that k > 2 is an integer. Given a point [Aq] in 
B^, let folAo] be the least positive eigenvalue of the Laplacian V^^Vaq on ft^^QE) o.nd set 
Ko = (1 + z^o[^o]~^)(l + II-^AoIIl2). Let ei be a constant satisfying < ei < zKq^(1 + 
z>'o[^o]~^^^)^^}- Then the following hold: 

1. For any [A] G with dist^tt.a ([^],[^o]) < £i; there is a gauge transformation u G 



1,A 



^1+^ such that 

(a) dX{u{A)-AQ) = ^, 

(b) \\u{A) - ^o||l2«,4 < cKodist B,2 {[A], [Aq]). 

For any [A\ G with distrtt,2 [Aq]) < ei, there is a gauge transformation u G 







1,A 



^1+^ such that 

(a) dX{u{A)-AQ) = f), 

(b) \\u{A) - Ao||i2B,4 < cKodist^8,2^ {[A], [Aq]), 







(c) \\u{A) - Aq\\l2 ^ < ci^odist,«,2 {[A], [Aq]). 



Our first proof of Theorem pJ^, via the method of continuity, occupies Sections 6.1, 6.2 



and 3^ . A rather different proof, via a direct application of the inverse function theorem 
using l\^ gauge transformations, is given in Section 

6.1. Distance functions on the quotient space. Our first task is to verify the existence 
of minimizing gauge transformations u G for the family of distance functions on B^ 

defined above: this is established in Lemma |6.3| and the proof uses the following version of 
Uhlenbeck's weak compactness theorem. 

Proposition 6.2. Let X be a closed, smooth, Riemannian four- manifold, let G be a com- 
pact Lie group, let M be a positive constant, let Aq be an connection on a G bundle E 
over X. If {Aa} is a sequence of L"^ connections on E such that WFa^Wl'^ < M, then 

there is a subsequence {«'} C {a} and a sequence of L^ gauge transformations {ua'} such 
that Ua'{Aa') converges weakly in ^2 Ao '^^^ strongly in -^^i^^; for 1 < p < 4, to an L'\ 
connection A^ on E. 

Proof. From the Sobolev embedding L\ C U', 2 < p < 4, we obtain a uniform U' bound 
ll-^^AallLP < cM and so, according to |54, Theorem 3.6], there is a subsequence {a'} C {a} 
and a sequence of gauge transformations {ua'} such that Ua'iAa') converges weakly in 
Ao -^1 connection A^o on E. The stronger conclusion above is obtained simply 
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by reworking the proof of Theorem 3.6 in |54|, using the following local estimate for the 
connections over small balls B C X. Theorem 2.1 of |54] provides a sequence of local 
trivializations Va ■ P\b ^ B x G such that = Va{Aa) — T satisfies d*aa = and 

WaahliB) < c||FA„||LP(i5), 2 <p < 4, 

where F is the product connection. Now Fa^ = dua + Cq, A a^, so 

ll"allL2(_B) ^ NaallL2(B) + ||aa|lL2(^) 

< \\aa A aa||^2(^) + ||-Fa„||l2(5) + ||aQ||L2(5). 

Now, using the multiplication x L^, the embeddings C L^^^ C and 

d{aa A Oq,) = daa A — Oa A dua, we have 

\\d{aa Aaa)\\L2 < clldflQ, 11^3 ||oq, 112,6 < c||oq,||^3, 
while ||oq, AaaWi^ < ll"allL4(B) — ^Il^"lli2(^)- Hence, we obtain 

ll«a|lL2(B) < c\\Fa^ WlKB) + (^IWaWq^B) + ll"allL2(B) 

< c||Fa„||l2(2j)(1 + \\FaJ\lI(B)) 

< c\\FAjLl^^(B)i^ + WFaJlI^^^b))^'^ + Po -r||^2). 

In particular, the sequence of Coulomb-gauge, local connection matrices {a^} is bounded 
in LK-B), so we can extract a weakly LK-Bj-convergent and strongly L^(S)-convergent 
subsequence, via the compactness of embedding L2{B) C L\{B) when 1 < p < 4. The 
patching argument used to complete the proof of Uhlenbeck's theorem now proceeds exactly 
as in 1 54 1 to give the desired conclusion. □ 

The proposition is used to extract the desired convergence in the next lemma. 

Lemma 6.3. For any points [Aq], [A\ in B'^ there are gauge transformations such that the 
following equalities hold: 

(1) disti4([A],[Ao]) = -^o||l4(x), u^Ql 

(2) dist B,2 {[A], [Aq]) = \\v{A) - AqW i,2 , v£g%, 

(3) dist M {[A],[Aq\) = \\w{A) - Ao\\i,2 , weG%, 

(4) dist2,2 {[A], [Ao]) = \\we{A) - ^oIL? , , i=l and3<e<k, 

where wi G and W£ G G^^^ in (4)- Moreover, the above distance functions (including 
the 1 = 2 distance function in (4)) are continuous with respect to the quotient L| topology 
on B%. 

Proof. Consider (1). Let {ua} be a minimizing sequence in G^^ , so ||nQ,(yl) — ^oIIl* con- 
verges to dist2^4([^], [^o]) as a ^ oo. Setting Ba = Ua{A) = A — {dAUa)u'^^ G A^^^ see 
that BaUa = Aua — dAUa = Aua — dA^Ua — [A — Aq, Ua], and thus 

(6.1) dAoUa = Ua{A - Aq) - {Ba - Ao)Ua- 

Therefore, as ||wa||(70 < c(G), we have 

||VAo^^a||L4 < C{\\A - Ao\\l4 + \\Ba - Ao\\l4), 
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SO the sequence {ua} C L^^-|^(gl(i?)) is bounded in L^^^(g[(£'). So, passing to a sub- 
sequence, we may suppose that {ua} converges weakly in Lf j^^{qI{E)) and strongly in 
L'5'(3 ((£')), via the compact embedding L| C L'^, for any 1 < (7 < cxd, to a limit u £ L|(g [(£')). 
We also have Fb^ = = Uo,Fau-^, so ||Fb^||l2 = ||Fa||l2 and as 

we see that 

(6-2) INAoFbJl^ < c{\\VAoUa\\L4FA\\L^ + \\VaoFa\\l^) 

<c{l + \\Ua\\Li . )\\Fa\\l^ 



r2 

"1.-40 



Hence, the sequence of -L| connections {Ba} has curvature uniformly bounded in 
Proposition 6^ implies, after passing to a subsequence, that the sequence {Ba} converges 
weakly in L| and strongly in , for 1 < p < 4, to an L| G connection B on E. Prom 
3 .11) we obtain 



^0- 



(6.3) dAoU = uiA - Ao) -{B- Ao)u, 

a first-order linear elliptic equation in u with L\ coefficients. Therefore, u S L|(g[(£')) and 
B = u{A) = A — {dAu)u~^ lies in A'^. It is not a priori clear that the limit u actually 
lies in (since the convergence was only weakly Lf ^^{gl{E)) and strongly L'^{qI{E))): 
however, the argument of the last paragraph in the proof of Lemma 4.2.4 in [ij, p. 130] 
applies (using the compactness of the structure group G) and shows that the limit gauge 
transformation u lies in Q^. Since Ba = Ua{A) converges strongly in Aq *° ^(^) ^® ^'^^ 
have 

distLi{[A],[Ao]) = lim ||u«(^) - AqIIl* = Ik(^) - ^oIIl*, 

a—>oo 

as required in (1). The same argument proves Assertions (2) and (3) and Assertion (4) 
when £ = 1. The case £ > 3 in (4) is straightforward as we can now apply Lemma |3.1| to 
obtain the desired convergence. 

It remains to check L| continuity. We just consider (1), as the remaining cases are 
identical. If [Aa] G B'^ is a sequence converging to [Aoo] G B'^, then there is a sequence of 
gauge transformations Sa £ ^e^^ such that Sa{Aa ) converges in to A^o G and, in 

particular, in L^. But then 

I disti4([.4„], [Ao]) - disti4([Aoo], [Ao])\ 

= I dist L4[Sa{Aa)], [Aq]) - disti4 ( [^oo] , [^o])! 
< distn {[Sa{Aa)], [Aoo]) < \\Sa{Aa) - ^oo||l4, 

and so 

lim dist L4{[Aa], [Ao]) = disti4([Aoo], [^0]), 

a— ►oo 

as desired. □ 
6.2. Closedness. Let 03 C B}'^'?{e) be the subset of points [^4] such that there exists a 



'[Ao 

gauge transformation u G satisfying the conclusions of Assertion (2) of Theorem 6.1 



let *B* C i?j'^*'j^(e) be the subset of points [A\ such that there exists a gauge transformation 
u G satisfying the conclusions of Assertion (1). As in the proof of Theorem 2.1 in |54|, 
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we apply the method of continuity to show that 53* = B^J^^^{e) and *B = B^J^^^{e) for smah 
enough e. Not surprisingly, we have: 

Lemma 6.4. The balls B}f'?(e) and B}'}'?(e) are connected. 

[Ao\ \ ' [Ao\ ^ ' 

Proof. If [A] G B^^^^{e), there is a gauge transformation u € such that ||n(j4) — 

^oll^ti.a < e. Then At = Aq + t{u{A) - Aq), t G [0, 1], is a path in A% joining Aq to u{A) 

and ll^t — ^o||^ti,2 = t||n(yl) — ^oll^^tt^a < te, so the path [At] lies in B}'^''^{e) and joins 



Our task then reduces to showing that *B* is an open and closed subspace of SrVf (e) 



[^o] to [A]. Similarly for ^[A*] (^)- □ 

si,*, 

and that !B is an open and closed subspace of B^^^{e). First we consider closedness: 

Lemma 6.5. The subspaces *B* C B^^^^{e) and !B C ^^'^''^'^^(e) are closed. 

Proof. It suffices to consider the second assertion as the same argument yields the first. 
Suppose [Aa] is a sequence of points in *B which converges in to a point [-Boo]- We 
may suppose, without loss of generality, that Aa E is the corresponding sequence 
of connections, representing the gauge-equivalence classes [Aa], which satisfy the defining 
conditions for *B: 

(6.4) d*A^{Aa - Ao) = 0, 

\\Aa - ^o||L2tt,4 < cKq dist .8,2 {[Aa], [Aq]), 

\\Aa - Ao\\l2 ^ < cKq dist B,2 {[Aa], [Ao]). 

Since [Aa] converges in B'^ to [Boo], there is a sequence of gauge transformations Ua £ 
such that Ba ■= Ua{Aa) converges in L'^ to B^o G A'^. Since Ba = Ua{Aa) and 
d\JAa - Aq) = 0, we have 

(6.5) dAoUa = Ua{Aa - Aq) - {Ba - Ao)Ua, 

(6.6) d\^dAoUa = - * {dAoUa A *{Aa - Aq)) - {d\{Ba - ^o))^^a 

- *{*{Ba - Aq) AdAoUa), 

and so, as ||iia||(70 < 1, 

NAo'"a|lL2tt,4 < II^Q — ^o||L2tt,4 + \\Ba — Ao||j;^2tt,4 
ll'^Ao'^Ao^allLtl.2 < HAo'"a|lL2tt,4 \\Aa — Ao||i2tt,4 + \\d\^Ba — ^o||Ltl,2 
\\Ba - Ao\\]^2tA\\dA 

Therefore, the sequence Ua is bounded in L2 y^^{Ql{E)) and so, passing to a subsequence, 
we may suppose that Ua converges weakly in L|^^(g [(£')) (and strongly in for any 

p < 4 via the compact embedding C ) to a limit Uoo G L°° n L2 ^0(0^-^))- 

On the other hand, using Aa = Ua^{Ba), we have \\Fa^ Wl^ = WFbc the derivation 
of (^) gives 

||VAoi^Aj|L2 <c(l + ||n„||i4 )||FbJ|^2 , 
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SO the sequence Aa has curvature uniformly bounded in Lf j^^. Thus, after passing to a 
subsequence we may assume by Proposition |6.2| that the sequence Aa converges weakly in 
L2 and strongly in Ani^ < p < 4, to a limit A^o G A'^. 
Taking weak limits in ( |6.5D and (|6.6D yields 

(6.7) dAoUoo = -"00(^00 - ^0) - (-Boo - Ao)uoo. 

The equation ( |6.7| ) is first order, linear, elliptic in Uoo S L°°nL2 with L2 coefficients. Hence, 
Uoo is in L3 (3 [(£')) and in particular, in G^, while Boo = ^^00(^00)- From ( |6.7D we see that 

and so, as {Aqo — Aq = 0, we have 

(6.8) d\^{u^dAoUoo + n~^(-Boo - Ao)uoo) = 0. 

This is a second-order elliptic equation for Uqo G Ge with L| coefficients: in particular, 
since Uoo S -^^2 ^^^^ 2 < p < 4, a standard elliptic bootstrapping argument then implies 
that Uoo G -^fc+i (see, for example, the proof of Proposition 3.3 in fl^ ) and therefore 

Now, taking weak limits in ( |6.4D , we have 

dAni^oo - Ao) = lim dAJAa - Aq) = 0, 

Poo - ^o||L2tt>4 = lim Pa - ^o||L2tt>4 < lim c/Codist.tt,2 ([Aa],[Ao]), 

a— >oo a— >oo 1,^0 

Pa-^oLti,2 = lim pa-AoLtt,2 < lim cKodist ti,2 ([A^], [^o])- 

-^1,^0 o— ►OO 1,^0 ct^oo I.Aq 

Moreover, as Boo = ^00(^00) and Uoo G ^e^^^ 

lim dist tt,2 ([^a], [^0]) = dist tt,2 ([Boo], [^0]) = dist .(1,2 ([^00], [^0]), 

a— »co 1,^0 i.-4o 1,^0 

lim dist 8,2 ([^a],[^o]) = dist j,2 ([Boo], [^0]), = cKq dist s,2 ([^00], [^0]), 

a— >oo l,Ao 1,^0 1,^0 

where the L|, continuity of the distance functions is given by Lemma |6.3| . Therefore, [Bqo] — 
[^00] G 53. Thus, !B is closed in and in particular, closed in B^^^^{s), as desired. □ 

6.3. Openness. We must first compare distances from the connection Aq in the Coulomb 
slice through ^0 in -^e ^^'^ gauge-invariant distances in B'^ from the point [^0]^ 

Lemma 6.6. Let {X,g) be a closed, smooth, Riemannian four-manifold. Then there are 
positive constants c, z with the following significance. Let Kq = (l-|-i/o[^o]~^)(l + ll-^Ao lliz). 
If A e A'^ satisfies 

. dX{A-Ao)=0, 

• 11^ - Ao||L2tt,4 < zKq^, 
then the following hold: 

1. //dist.8,2 ([A],[Ao]) < zKq^, then 

11^- Ao||l2b,4 <cKodist b,2 ([^],[^o]); 
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— 1 



2. //dist tt,2 {[A], [Ao]) < zKq\ then 



1,A, 







E 



\\A-Ao\\L2tA <cKodist.i2 {[A],[Ao]), 
\\A-Ao\\l2 <ci^odist b,2 i[A],[Ao]). 

Proof. Recall that for either distance function, minimizing gauge transformations in 
exist by Lemma O; for convenience, we denote both by u G Q"^ although they need not 
priori coincide. Since B := u{A) = A — {dAu)u~^ G A'^, we have 

u{A) - ^0 = u{A - Ao)u~^ - {dAou)u~^. 

Our task, in essence, is to estimate the second term on the right above. Rewriting this 
equality gives a first-order, linear elliptic equation in u with L| coefficients: 

(6.9) dAoU = u{A - Ao) -{B- Aq)u. 

Let uq G L1{q\{E)) be the orthogonal projection of u G C L|(gl(i?)) onto Ker(ciAolL2)-'-, 

sou = tio+7, where 7 G Ker^Ao C ^^{q[{E)). Thus, as d\^{A — Aq) = and dA^u = dA^u^, 
we see that 

dAgdAoUo = - * {dAoU A *{A - Aq)) + ud^iA - Aq) 

- (dXXB - Ao))u - *{*{B - Ao) A dAou) 
= -* {dAoUo A *{A - Ao)) - {dX{B - Ao))u - *{*{B - Aq) A dAoUo). 

Therefore, using the bound ||ti||co ^ 1 for any u G (as the representation for G is 
orthogonal), we have 

II^Ao^o||l».2 < NAo^io||L2t!,4p - ^o||L2tt,4 + \\dAo{B - ^o)||Lti.2|kllco 
+ \\B - Ao\\L2tA\\dA 

< C {\\A - Ao||L2tt,4 + \\B - Ao\\l2»,4) \\d*A^dAoUo\\L».^ 
+ \\dXiB-Ao)\y,2, 

where C = cKq. Now \\B — Ao\\^2tA < c\\B — Ao\\]^2 via the embedding C L^"'^ 
of Lemma 0|. For either dist.tt,2 (Wl, Wol) < jC'^ or dist,B,2 ([Al,[ylo]) < jC'^ and 
11^ — ^o||L2tt,4 < \C~^, rearrangement yields 

(6.10) \\AXuoU,,2 <2\\d*A^{B - Ao)hi2. 



On the other hand, from Lemma 5^ we have 

(6-11) ll^^oll^M <C\\AXuo\\l»,2, 



IholLf < C||A^ Mo||Ltl,2, 

where C = cKq and the second bound follows from the embedding C Lf. So, combining 
(|6T0| ) and ( |6lT| ) yields: 

(6.12) llnoll^M <C\\dX{B-Ao)\y,2, 



2,^0 
"1.^0 



WoWlU. <C\\dX{B-Ao)\\L,.2. 
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Consequently, using dA^u = dAgUo and ( |6.9| ) rewritten in the form, 

(6.13) u~^{B - Ao)u = {A- Ao) - u~^dAoUo, 
we obtain 

(6.14) \\A - Ao||i2M < \\u-\B - Ao)u\\L2tA + Wu-^dAoUoh^iA, 

(6.15) \\A-Ao\\l2 <\\u-\B- Ao)u\\l2 + \\u-^dA,uo\\L2 

1,Aq 1,Aq I.Aq 

From ( |6.14| ) and ( |6.12 ), we see that 

11^ - vlo||L2tt,4 < ll-B - ^o||L2tt,4 + ||dylo'"o||L2tt,4 

< dist^p^^^([^], [Ao]) + C\\dX{B - Ao)hi,2 

< (1 + C) dist i[A],[Ao]), 

giving the desired L^"'"^ estimate for A — Aq. 
Considering the first term in ( 6. 131) , we have 

Vao{u'Hb - Ao)u) = -u-\Vaou)u-^ 0{B- Ao)u + u-\Vao{B - Ao))u 

+ u'^{B - Ao)(»VaoU, 

and so applying ( |6.12[) , noting that Vao^ = Vao^^o and ||ti||(70 < 1, we have 

\\VAoiu~HB - Ao)u)\\l2 < \\VaoUo\\l4B - AoWl^ + ||Vao(S - ^o)||l2 

<Cdist^.t.2 ([^],[^o]) + dist^«,2 {[A],[Ao]). 

Thus, if dist.B,2 {[A], [Aq]) < lC~\ say, we obtain 



(6.16) \\VAoiu-\B-Ao)u)\\L2<2dist^i,2 ([^],[^o]). 

Similarly, considering the second term in ( |6.13D , we have 

VAo{u~^dAoUo) = -u^'^{VaoU)u^^ ® dAoU + u^'^VAodAoU 
and therefore, by ( |6.12D , we see that 

\\VAoiu~^dAoUo)\\L^ < ||VAono||i4 + \\V\^Uo\\l2 



< Cdist.M {[A], [Ao]) 1 + Cdist,«.2 {[A], [Ao]) . 
Provided dist 8,2 {[A],[Ao]) < ^C^^, we obtain 

(6.17) \\VAo{u~^dAoUo)\\L^ <2Cdist^,,2 i[A],[Ao]). 

Taking the norm of ( |6.13| ) and applying (|6.12[) to estimate the second term gives 

\\A - Aq\\l2 < \\B - Ao\\l2 + WdAoUoh^ 

< dist^M {[A], [Ao]) + C\\d*^,{B - Ao)\y,2, 

and so 

(6.18) \\A - Ao\\l2 < (1 + C) dist.M {[A], [Ao]). 
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Combining the estimates ( 6.15[) , ( |6.16| ), ( |6.17D , and ( 6.1^ ) yields 

P-^oIIl2 < 2(1 + c) dist^M mAM), 

giving the desired Lf estimate for A — Aq. □ 

Naturally, a comparison — going in the other direction — of distances from Aq in the 
Coulomb slice in through ^-nd gauge-invariant distances in Bp^ from the point [Aq] 
is elementary: If ^ E S^„ and HA — ^oIIl2 < 6, say, then Lemma 4.1 implies that 

fc.AQ 

(6.19) dist „s,2 {[A], [Aq]) < c\\A - Ao\\r2 < c6, k> 1, 

dist,tt,2 ([A], [^o]) < cP - Ao|Il2 <c6, k>2, 

for some positive constant c{X,g, k). The observation is used in concluding that OS*, *B are 
open subspaces of B^J^^^{ei), B^^^^{ei), respectively: 

Lemma 6.7. Let {X,g) be a closed, smooth, Riemannian four-manifold and let G be a 
compact Lie group. Then there is a positive constant z with the following significance. Let 
Ko = (1 + i^o[^o]"^)(l + WFaoWl^)- Ifei < zK^\l + uo[Ao]-^/^)-^}, then the following 
hold: 

• !B* is an open subspace of B^J^^■^{el); 
• ^ is an open subspace of B^^^^{ei). 

Proof. It suffices to consider the second assertion, as the argument for the first is identical. 
Suppose [A] G 55 and that A S is a representative satisfying the defining conditions for 
*B. Then A satisfies d'\^{A — Aq) = and the estimates 

P - Ao||L2tt,4 < CqKo dist .tt,2 ([A],[Ao]),< CqKoEi 

\\A-Ao\\l2 < coi^o dist b,2 {[A],[Ao]) < cqKoEi, 

while \\A — Ao||L2tt,4 < ci\\A — Aq\\^2 via the Sobolev embedding L? C L^**'^ and Kato's 
inequality. Consequently, if ciCoKqEi < ^Eq, then A G B^^(eo) C A'^ and we see that 

5[^»^(.i)Cvr(B{4„](so)). 

Lemma implies that the map vr : B^^^^j(eo)/ Stabyio B% given by A' ^ [A'] is a local 
homeomorphism onto its image 7r(B^^^j(eo)) for any eg < -^(l + '^ol^o] "'^^^) particular, 
if A' £ Bj4^j(eo) and - A||^2 ^ < 6, then A' e ^f^o^^i) ^ ^[Aof(^i) ^mah enough 



The embedding Lf C L^^'^ and Lemma 6.6 imply that if \\A' — Aq\\j^2 ^ < zKq ^ and 
dist^B,2 {[A'], [Ao]) < zK~^, then 

1 ,-A,-- 







\\A' - Ao||l2b,4 < cKo dist 8,2 {[A'], [Aq]) < cKqEi, 

\\A' - Ao\\l2 < cKodist M i[A'], [Aq]) < cKoEi. 

These inequalities are satisfied by A; moreover dist,ti,2 ([^4], [Aq]) < ei and — j4o||^2 < 
cqKei. Require that Ei < ^zKq^ and cqKqEi < ^zKq^, so Ei < min{l, coj-ftTj'^. Hence, 
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if A' is -L| ^ -close enough to A (where k > 2), we can ensure [A'] obeys the last two defining 



conditions for 53 and so [A'] G 53. Thus, *B C B^^^^iei) is open, as desired. □ 



We can now conclude the proof of Theorem 6.1 



Proof of Theorem 6.1. Lemmas |6.5| and |6.7| imply that *B is an open and closed subset of 
the connected space B^^j'^{ei), so 53 = SjJ(ei). Similarly for 53* and Sj4*'j^(ei) and hence 
the result follows. □ 



Similarly, we conclude the proof of Theorem 1.1 



Proof of Theorem 1.1. Given Theorem S.l, the only assertion left unaccounted for is the 
uniqueness of the gauge transformation u G G'e'^, modulo Stabyip. But this follows from 
Lemma |3.7|, just as in the paragraph immediately following the proof of that lemma. □ 



7. Critical-exponent Sobolev norms and the group of gauge 

transformations 

We now define an L2 space of gauge transformations, by analogy with the definition of 
^1+^ when k>2, and set 

g2,tt,2 _ 1^ g LP(5[(i?)) : n e G a.e.} C LUsI{E)). 

It is not entirely clear a priori that ^^"'^ is a Banach Lie group. In the case of its counter- 
part, G^^, the manifold structure follows from the fact that the exponential map 

E^p:Tid^gE = n°{9E)^GE, C^ExpC, 
extends to a smooth map Exp : L1_^_^{qe) — > L1j^^{qe) and defines a system of smooth 
coordinate charts for Here, Exp is defined pointwise at u £ Ge ^ov ( G Tid^GE by 

setting 

(Exp„C)(a;) := exp„(3,)(C(x)), x E X, 
where exp : g — > G is the usual, C°° exponential map for the Lie group G on the right-hand 
side [22, Appendix A]. 

derivatives of the exponential map. The estimates below follow by reworking the usual proof 
of the Sobolev lemma for left composition of Sobolev sections by smooth vector bundle maps 
p7| . Lemma 9.9]. The difference here is that we keep track of the dependence of the constants 
on the geometric data: this precision is required for the implicit function argument in the 
next section in order to complete the proof of our slice theorem. 
For xXii £ ^'^{Qe), the differentials 

(Z?Exp)^ : a\QE) ^ Texpx^^s, C ^ (^Exp)xC, 

are defined pointwise by setting 

(DExp)^CU = (^exp)^(^)C(x), 
{D'^'^^v)x,d\x = {D<iw)x{x),c{^)^{x), 

)x,C 

^(Dexp)xC(7Expx^s) with Texpx^S- 



To verify that Q'^''^ is in fact a Banach Lie group we will need estimates for the covariant 



for any x E X. When writing the differential (D^Exp)y^^ above, we have identified 
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The maps (-DExp)^ : O°(0b) and {D^E^p)^^^: ■ ^^{Qe) ^ ^'^{Qe) extend 

linearly to maps 

{D Exp);, : C~(®^(r*X) ® 3e) ^ C~(®^(r*X) ® 0e), 
(D' Exp);, : C°°{®\T*X) 0b) ^ C~(®^(r*X) fl^), 
for £ > 1, by setting 

(L> Exp);,(0 ^0 = e^{D Exp);,C, 
(L>2 Exp);,,^(0 ^0 = 0® (D^ Exp);,,^^, 

for ^ G (E)\T*X) and ^ G ^^°(se). As usual, we embed Qe C J1°(3e) in order to compute 
the covariant derivatives of sections u e Qe- 

Lemma 7.1. Let G be a compact Lie group. Then there is a positive constant c{G) with 

the following significance. Let X be a closed, smooth, Riemannian four-manifold. If A is 
a C°° connection on a G bundle E, and x £ ^^(Qe), then e^ & Ge satisfies the following 
pointwise bounds: 

(1) iV^e^^l < |VaxI+c|xI|Vax|, 

(2) |Vie>^| < c{\x\ + IVaxDIVaxI + c(l + IxDIv^xl, 

(3) iv^v^e^l < c(|x| + IVaxDIVaxI + <! + |xI)|v:^VaxI- 

Proof. We have 

V^e^ = Va(Expx) = (^Exp);, o d^X e ^\9e). 
Since {D exp)o = idi and exp : g — ^ G is analytic, we have the pointwise bound \ {D exp);,(3,) — 
idsl < c(G)|x(a;)| and thus a pointwise bound 

|(DExp);,-id£;| <c|x|, 
noting that (£)Exp)o = id^. Therefore, we have 

iV^e^l < |VaxI + c|x||Vax|, 

which gives the first assertion. 

Define $(x,C) = (-DExp)^(C) G f^Hss), for x e J^^fle) and C € ^Hse), noting that $ 
is nonlinear in but linear in d^. Thus, 

V> = (Di$)(;,,v^x)(Vax) + (D2<&)x(Vix), 
where Di^, i = 1,2, denote the partial derivatives of $ with respect to first and second 
variables. Since (D$)(o,o) = (-^^ Exp)(o,o) = ide, as (D^exp)o,o = ids, and exp : g ^ G is 
analytic we have the pointwise bound 

\v\u\ < c(|x| + IVaxDIVaxI + c(i + IxDIvixl, 

giving the second assertion. Similarly, as *$(x, C) = ^(X) *C) and V\Vau = — * Va * ^AU, 
we have 

\V*aVau\ < c(|x| + \Vax\)Nax\ + c(l + IxDIV^VaxI, 
giving the third assertion. □ 

The preceding pointwise bounds for Vau, V^n, and V\Vau yield the following estimates 
for the exponential map: 
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Lemma 7.2. Let G be a compact Lie group. Then there is a positive constant c{G) with 
the following significance. Let X he a closed, smooth, Riemannian four-manifold. If k > 2 
is an integer (so Lf._^^ C C^), A is an L| connection on a G bundle E, and x £ L'uj^i^Qe) , 
then e^ G satisfies 

(1) \\^Ae^L-^(x) < I|VaxIIl2(x) +c||xIIco(x)I|VaxIIl2(x), 

(2) IIVAe^llLtt(x) < W^axWl^x) +c||xllco(x)l|VAXllLtt(x)i 

(3) \\^\e^\\LHx) < 4x\\co{x)\\'^ax\\l2(x) + W^axWI^^x) 

+ c{\1 + \\x\\co(x))\\Kx\\lHx), 

(4) W'^^^Ae^ht^x) < c\\x\\co{x)\\'^ax\\lHx) + W"^ AxWh^x) 

+ c{\1 + \\x\\co(x))\\'^a'^ax\\lHx), 

Moreover, the preceding bounds continue to hold for x £ -^2^(0£;) C C^{gE), with A an l\^ 
connection on E, and Exp : ^^{qe) ~^ Qe extends to a continuous map Exp : L2^(g£;) 

E 



Qe)-, for any C°° reference connection Aq on E. Recall that 
we have an embedding L^2'^{qe) C C^{qe) and that the space L^2'^{qe) is an algebra, while 
l\^{K^ ® Qe) and L'\{A^ ® Qe) are L2^(g£;)-modules. Therefore, the proofs of Propositions 

(A. 2) and (A. 3) in ||2^ extend easily to give the following analogue for ^^'"'^ in place of 

nk+l. 

^E ■ 

Lemma 7.3. Let X he a closed Riemannian four-manifold and let E be a Hermitian vector 
bundle over X. Then the following hold. 

1. The space ^^'"'^ is a Banach Lie group with Lie algebra Tid^^^'"'^ = L^2^{qe); 

2. The action of ^^'"'^ on A\ and A^^'"^ is smooth; 

3. For A G A}'^''^ , the differential, at the identity \<1e G Q'^e''^' map ^^"'^ — > -4^"'^ 
given hy u{A) = A — {dAu)u~^ is ( ^ —dAC c-s a map L2'\qe) Lp(A^ 0_b), 
and similarly for A G A\; . 

8. Existence of gauge transformations via the inverse function theorem 



Our goal in this section is to give an alternative, 'direct' proof of Theorem 6A via the 
inverse function theorem. A direct argument — due to our overarching constraint of en- 
suring that the constants given there ultimately depend at most on the L^ norm of the 
curvature and the least positive eigenvalue I'of^o] — appears to be difficult within the stan- 
dard framework of {p > 2) gauge transformations acting on L^ connections; of course, 
if this constraint is dropped then a direct proof is standard. On the other hand, with the 
results of the last section, it is fairly straightforward within the framework of gauge 
transformations. 

We already know that 7r(B^^(eo)) is open in so it necessarily contains an L| ^^-ball 

centered at [Aq]. Via the inverse function theorem we estimate the radii of ^Cj'^^ and -^^'^^ 

balls, B^Ao] "^[^o] ^^^^'^ contained in 7r(B^^(eo)). Let us first dispose of the 

question of regularity for solutions to the second-order gauge-fixing equation: 
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Lemma 8.1. Let X be a closed, Riemannian four-manifold. Then there is a constant e 
with the following significance. Let G be compact Lie group and let k > 2 be an integer. 
Suppose that Aq is an L| connection on aG bundle E, that a G L'^{A^(E)Qe) and x G -^2(0^^)' 
and that u = e^ is a solution to 

d*Ao {i'iAou)u^^ — uau^^) = 0. 

// ||dAoii||L4 < £ then x G LI_^_^{qe) and u = e^ £ ^e^^- 

Proof. Differentiation and right multiplication by u yields 

(8.1) d\^dAoU + *{{*dAoU) A u'^dAou) + *{dAoU A *a) + ud\^a 

+ *{ua A *u~^dAou) = 0. 

From Lemma 4.2 we know that u £ Ci Lf and so the last four terms in ( p.l| ) are in 
L^. Hence, dj^^dAoU is in L^ and so u £ L2 by elliptic regularity for d^^dAo- The Sobolev 
embedding Lf C L^ and multiplication L'^ x L*^ ^ L^ for 2 < p < 4 and l/p= 1/4 + 1/g 
(so 4 < g < 00) now show that the last three terms in (8J) are in L^, so the equation takes 
the simpler form 

(8.2) d\dAoU + *{{*dAou) A u'^dAou) = v, 

where v £ U'{qe) is the tautologically defined right-hand side and u £ L°° n L2. Setting 
b = dAoU and noting that dA^b = FaqU, with Faq £ L^_-^(A^ (g) qe) C Lf (A^ (g) qe) and 
FaqU £ (A^ S_e)- Thus, we may conveniently rewrite ( |8.2| ) as a first-order elliptic 
equation in 6 G ^i(A^ 53 fls), 

(8.3) {d\^ + dAjb + *((*6) A n-i6) = v' £ LP{qe) LP(A2 ® qe), 

where 2 < p < 4 and v' = Fa^u + v. Finally, ( |8.3| ) can be rewritten as a local equation by 
writing Aq = F -|- ao, where F is the product connection in a local trivialization for E over 
a small ball U <Z X. Thus, the operator d\^ + dAo is replaced by d* -|- d in ( |8.2D and the 
additional terms are absorbed into the inhomogeneous term v' to give: 

(8.4) {d* + d)h + *((*6) A u-^b) = v" £ LP{U,qe) LP{U, A^ qe). 

This is a first-order, elliptic equation with a quadratic non-linearity and Proposition 3.10 in 
|16| implies that the solution b = dAoU £ L1{U, (8)0_e) is necessarily in L^{U', 0g£;) for 
U' (£ U, provided ||6||l4(c/) < £{9-,P-,U), and so u G L^{U' .,qe)- In particular, we find that 
b £ Lj'(X, A^ (g) Qe) and u £ L^{X,qe) for any 2 < p < 4, provided ||(i^on||/,4 < e{g,p,X). 
The bootstrapping argument of Proposition 3.3 in |16] now implies that ^Ao^ ^ -^fc("^' ® 
fl£;). Thus n G and x G -f^fc+i(-'^, 0b), as desired. □ 

We can now proceed to the main argument: 

Theorem 8.2. Let X be a closed, Riemannian four-manifold and let G be compact Lie 
group. Then there are positive constants c, z with the following significance. Let E be a G 
bundle over X and suppose that that Aq £ A\, let Kq[Aq\ = (1 + i'o[^o]~^)(l + II-^AqIIl^ 
and let ei be a constant satisfying 

< £1 < zK^^"^. 

Then for any A £ A'^ such that \\A — vloHj^^tt.a < £1 there is a gauge transformation u £ 
with the following properties: 
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d\{u{A)-Ao) = G; 

Kq\\A-Aq\\, 



\u{A) - Ao\\l2 ^ < c/roP-^o||rti,2 / 

l.-^O 1," 



|n — idsll rtt,2 <cKo||^ — ^0 



Proof. The argument is broadly similar to that of Lemma |3.6| , except that we can show ^ 
is a diffeomorphism directly — rather than just a local diffeomorphism — using the slightly 
stronger norms now at our disposal. Moreover, on this occasion we seek precise bounds on 
the solutions so we keep track of the dependence of constants on the curvature Faq and the 
least positive eigenvalue fo = fo[^o] of the Laplacian A^^, = d*^^dAQ- 
Write A = Aq + a and observe that 

u{A) — Aq = A — Aq — {dAu)u~^ = uau~^ — {dAQu)u~^ . 

Recall that we have an L^-orthogonal decomposition 

n'^iQE) = (KerdAo)^ Kei dAo = ^nidX^ KeidAo, 

and that d*^^ : L1{A^ qe) — > L'^{qe) has closed range; this gives 



^2;Ao (S^) = (^^^ lLtt,2 e Ker dAg 



rtt,2 



= (Kerd:iJ^M )^ e {ImdXlLl^ )• 

2;Aq 1,Aq 

We have a similar L^-orthogonal decomposition 

n^iQs) = ImdAo © Ker d;:!^ = (Ker d^J^ Ker d^,^, 

and dAo '■ L1{qe) L^(A^ Qe) has closed range; this leads to the L^-orthogonal decom- 
position 

L{Aoi^^'^9E) = {lradAo\L»,2 )© (Ker M ) 

= (Kerd^lJ^M )^eiKerd*Aj^i,2 ). 

2;Aq I.Aq 

We now define a map 

(8.5) * :(Ker(dAol42))^ © Ker(dlJ^p) ^ L^Ao^A' ® 0^)' 

(x, a) *—>■ uau~^ — {dAou)u''^ , 
where u = and the differential at (x, a) given by 

(8.6) (^*)(x,a) :(Ker(dAol42))^ ©Ker(d^J^M) ^ 4^{A'^Qe), 

(C, b) ^ u{-dA © i)u-\C, b) = u{-dAC + b)u-^, 
since (Z?^')(o,a)(C) ^) = ~f^ylC + b and is ^^j-equivariant. Moreover, we have 

(8.7) {D^^)^^^a){{C,b),{7],a)) =u[7],-dAC + b]u'^ +u[a,C]u-\ 

for (C,&),(r/,a) G (Ker(ci!Ao [42))^ © Ker(d^J^M)- 

We now verify that the conditions of the inverse function theorem (Theorem 3^) hold 
for suitable constants K and 6. The operator 

dAo ■ (Ker(dAoliM))-^ ^ (Ker(d^J^8,2))"^ 
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has a two-sided inverse 

GXdX ■■ (Ker(d:4j^M))^ - (Ker(dAol42))^. 

Indeed, for b € (KeT{d\J ^12))'^ , we have 

\\GAod*A^b\\ t,2 < coKo\\d*Aob\\L«,2 < coKo\\b\\ t,2 , 

2.Aq 1.^0 

and so G^^d^^^ has Hom(L^'^^^, L^^^^^) operator norm bound 

\\GXdAj\<^oKo. 
In particular, we see that (D^)^^^^ = G^d^^ © id satisfies 

(8.8) \\{D^)l^]^^\\ < coKo 

the first of the conditions we need to verify for (D^)(o^o) order to apply the inverse 
function theorem. 

It remains to compare the differentials {D^)^^^^.) and {D^)^q q-^ using the mean value 
theorem, 



(8.9) 



(D*)(^,,)(C,6)-(Z)*)(o,o)(C,fc) = f\D^^)^txMM,h)Ax,a))dt. 

Jo 



Thus, we need an estimate for D^"^: 

Claim 8.3. There is a universal polynomial function f{x,y), depending only on {X,g) and 
G, with /(O, 0) = 0, such that the following holds. For any t G [0, 1] we have: 



</(llxllz.M ,||a|U«,2 )f||CIUM +\\b\\Li2 



Proof. From ( ^.7| ) we have the L"'^ estimate 

\\{D'^)^tx,ta)i(C,b),{x,amL».^ 

< 4x\\co (l|d^oCllLtt,2 + ||a||itt,2||C||co + l|^llLti,2) +c||a||itt,2||C||co> 

and thus: 

(8.10) \\iD^^)itx,ta)(iC'b),ix,a))h,,2 

<c{\\x\\l».2 + ||a||itt,2 11x11^8,2 + ||a||L».2 I I ||Cllitl,2 + +||&||Lti.2 I • 
V 2,Aq 2,Aq J y 2,Aq j 

The estimate of VAo(-D^*)(tx,M ((^' ")) Siven by 

||VAo(I?'*)(tX,M((C>^),(X,«))llL2 

< c(||VAon||i4||x|bo + I|VaoX||l4) (NaoC||l4 + ||a||L4||C||co + II^IIl^) 

+ cllxibo (l|Vi„CllL2 + ||VAoa||L2||C|bo + ||a||L4||VAoCllL4 + ||Vao6||l2) 
+ c||VAoU||L4||a|U4||C||L4 +c||VAoa||L2||Cllco + c||a||L4||VAoCllL4, 
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and hence, using Lemma |7.2| to estimate u = e-*^ in terms of Xi 
(8.11) \\VAAD^^)(tx,taMMAx.a))\\L^ 

<hi\\x\Ua ,||a||^2 \ fllCLM. +\\h\\L^,, 



where fi{x^ y) is a polynomial function with /i(0, 0) = 0. 
Noting that d'^^a = 0, we have 

(8.12) d*A^[a,C]=dX{aC-Ca) 

= id*Ao"')C -a A dAoC - *{dAoC A *a) - C{dX,a) 
= -a A dAoC - *{dAoC A *a). 
and similarly for [x, b] since d\^b = 0. For any (3 £ Ll{A^ Qe) we have 

(8.13) d^^iupu-^) = - * dAo{ui*(3)u-^)) 

= — * {dAgU A *(3u'^'^) + u{d*j^gP)u~^ — *u{{*j3) A u{dAgU)u~^). 

Therefore, equations (^), (|8.12D , and ( 8. 131 ) and the estimates for u = e^^ in Lemma 7.2 
yield 

(8.14) \\dX{D^^)ix,,){{C,b),{x,a))\y:2 

< W^Ao i^ix, -dAC + b]u'^ + u[a, C]u~'^) ||^j,2 



< /2(I|X||^«.2 ,||a||i2M) IICllz^M +\\b\\L2». 



where /2(x,y) is a polynomial function with /2(0,0) = 0. The claim now follows by com- 
bining ( ^?10|) , (Islll ) , and (|t|). □ 



Therefore, from Claim |8.3| and ( |8.9| ) we have 

(8.15) ||(i^*)(^,„)(C,6) - (Z)*)(o,o)(C,fc)IU«,2^ 

Consequently, with respect to the Hom(L2'^^, L^'^^) operator norm, ( ^.15 ) yields the bound 

(8.16) ll(^*)(x,a) - (^*)(o,o)ll < ho'Ko\ 

where cqKq = K is the constant of (|8.8| ), provided (x>«) satisfies the constraint 



(8.17) 11x11 r«,2 +ll«llr«,2 <CiKq^=S. 

Define balls centered at the origins in (Ker(dyi(,|^tt,2))"'" and Kev{d\Jj^t,2) by setting 
B^-^''^^\6) = {x G (Ker(d^J^M))^ : Hxll^M < S}, 

2 2,Ao 

Bj'»'2(d) = {aGKer(d:^J^M):||a||^M < <5}. 
Hence, Theorem implies that the map 
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is injective, its image is an open subset of and contains the ball B^^' {6/{2K)), the 

inverse map ^'^^ is a diffeomorphism from B^^''^{6/{2K)) onto its image, and if {xi,Ai), 
(X2,^2) are points in Bq'^'^'^{6) x bI'^'^{6), then 

IIXl - X2||rtt,2 + Pi - ^2||rtt,2 < 2K 1 1 Ul ( Ai ) - M2 (^2 ) 1 1 r tt,2 , 

A ^1 A ^1 A 



where Ui = i = 1,2. In particular, setting (x2,^2 — ^o) = (0)0), we see that if A 
is a point in A^J^'^ such that ||^ — ^o||j;^tt,2 < 5/{2K), then there is a unique solution 

{x,u~ (A)) = (A) in Bq ' (S) x Bq'*' ((^). Here, u = e^^ is a gauge transformation 
with X S Bq''^'^'^{6) such that 

(8.18) dX{u-\A)-Ao)=0, 

llxll^M +||n-\A)-ylo||^«,2 <2Kp-^o|l4L- 
Lemma [7.2| implies that u = satisfies 

(8.19) \\u-idE\\rl2 < /3(||xllrtt,2 ) < C||x||rtt,2 <C2S, 

2,Ao 2,A(, 2,^0 

where /a (a;) is a polynomial with coefficients depending only on {X,g) and G such that 
/3(0) = 0. Noting that K = cqKq, 6 = ciKq^, and 6/{2K) = ^cqCiKq'^, the desired 
estimates follows from ( |8.1S ) and ( |8.19| ) . Finally, Lemma |8.1| implies that u E G"^ and this 
completes the proof of the theorem. □ 



While the estimate of Theorem 8^ suffices for most practical purposes, it is occasion- 
ally useful to have the slightly weaker L^"'^ bound at hand. Recall from Section ^ that we 
defined 

||a||^tt,2 = ||a||L2tt,4 + ||(i^Qa||j;^tt,2, a G $7"^(g£;). 



A slight modification of the proof of Theorem 8.2 yields: 



Theorem 8.4. Continue the hypotheses of Theorem \8. 4 Then for any A E A^ such that 
\\A — ^o|lrtt'2 < El there is a gauge transformation u £ Q% with the following properties: 

. dXiuiA)-Ao) = 0; 

• \\uIA) - Ao||L2tt,4 < cKoM - ^oLti,2 ; 

• lln - idsll rti,2 < cKo\\A - Ao\\ ^ii,2 . 

Proof. The first difference in the argument is that the map ^ in ( ^.5D is replaced by 

(8.20) * :(Ker((iAj^M))^ eKer((i^J^M) ^ C^X^A'^qe), 

(x,a) I— > uau~^ — {dAou)u^^ ■ 
The second difference is that Claim 8.3 is replaced by: 

Claim 8.5. There is a universal polynomial function f{x,y), depending only on {X,g) and 
G, with /(O, 0) = 0, such that the following holds. For any t S [0, 1] we have: 



||(I)^*)(i^,i„)((C,6),(x,a))||^M 

< /(llxlliti,2 , ||a||i2B,4) ( ||C||^tt,2 +\\h\\L2iA 
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Proof. From ( ^.7] ) we now have the L^**'^ estimate 
\\iD^^)^t^,ta){iC,b),ix,a))hnA 

< cllxlico (IMAoC||L2tt,4 + ||a||i2tt,4 llCllc-o + ||^||L2tt:4) + c||a||i2tt,4 llCllc-o, 

and thus: 

(8.21) ||(Z?2*)(i^,i,)((C,&),(x,a))llL2,4 

< C I ||xllitt,2 + ||a||i2tt,4 11x11^11,2 + ||a||L2tl,4 I I ||C||^11,2 + +||6||i2tl,4 
V 2, A,) 2,Aq J y 2,Ao ^ 

Combining ( p.l4| ) and ( p. 21 ) yields the claim. □ 

The rest of the argument proceeds exactly as before and completes the proof of the 
theorem. □ 



We now have our second proof of Theorem 6J via Theorems |8.2| and p.4| : 

Proof of Theorem 6A. From the hypotheses we have S and [A] E B'^ with k > 2. 
According to Lemma 6.3, there is gauge transformation w S G"^ such that 

dist 8,2 {[A],[Ao]) = \\w{A)-Ao\\ s,2 , 

where A € A^, so Theorems |8.2| and the argument of 8.4 imply that there is a gauge 
transformation v G so that u{A) satisfies the conclusions of Assertion (2) with u = vw G 
Q^. Since d\^^{u{A) — Aq) = and u ^ and A,Aq G A^, a standard bootstrapping 
argument implies that u £ ■ 

Similarly, by Lemma 3.5, there is gauge transformation w G such that 

dist.B,2 {[A], [Aq]) = \\w{A) - AqW i,2 , 

^l,Ao -^l.Ao 



SO Assertion (1) follows from Theorem |8.4| in the same manner. □ 
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